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Abstract: The mechanics of human walking and especially running is an actively
researched field. To find the perfect running form is an eternal problem both
for hobby runners and professionals. The essential problem in the dynamic
investigation of such biomechanical systems is the changing of the topology
and the modeling of the foot impact with the ground. Besides, human body
is a complex multibody system. The main source of energy loss during legged
locomotion is generated by foot impact which is in focus in this work. We
assume inelastic collisions and the ground-foot contact is handled by impul-
sively arising geometric constraints. The energy loss and the impulsive forces
of each foot impact can be determined by a projection technique well known
from the literature of multibody dynamics. These work as indicators of the
intensity of each foot impact. Besides the energy efficiency, these indicators
are important in the aspect of possible sport injuries. The presented method
permits the investigation of running characteristics, e.g. foot strike patterns
(fore-foot, mid-foot or rear-foot strike), stride length, head and torso position.

1. Introduction

Nowadays passive dynamic walking [1] and human walking and running [2, 3, 4] have been

actively researched areas. The study of the working principle of passive walkers contributes

to the thorough understanding of the dynamics of human motion. Besides, passive walkers

show how limited is the energy which is demanded for legged locomotion. Human walking

and running also utilizes the same advantages as passive walkers. Humans and passive or

underactuated walking systems swing through from one configuration to another instead of

always keeping themselves in the sequence of static equilibrium states.

The energy efficiency is a crucial question in endurance sports like long distance running.

Some tribes are naturally talented in running like the Kalenjin runners from Kenya in [3] or

the native American Tarahumara people from northwestern Mexico [5] who are capable to

run unbelievably long distances. Members of both people usually wear only thin sole shoes



that minimally influence their body motion. There is no flexible or damping part in their

shoes, therefore they can rely only on the flexibility of their legs. In contrast, urbanized

people usually use sometimes even too expensive or overdeveloped shoes for running with

several conveniency features like excessive flexibility or artificial stabilization of the ankle,

etc. These features make it impossible to develop a good running form. However, all children

instinctively know how to run. A proper running form can also help to avoid injuries as much

as possible, like in the case of the above mentioned naturally talented runners.

Energy efficiency is a crucial question in long distance running. The sources of energy

loss are the aerodynamical forces, damping and vibrations at every step and foot impact.

The analysis of energy loss due to foot impact can be done by exact mechanical techniques,

which will help to improve running forms. In this work we are focusing on this analysis.

The most important parameter in endurance sports is the mechanical power required:

at different intensity levels the ways of refueling the body can be very different [6]. However

there is no exact method yet how to make a good choice of heart rate (HR) in relation

with the distance one wishes to run. One can only rely on approximations and experience,

which takes long time to measure and develop; the mechanical explanation is not perfectly

complete for the question: why a certain HR is needed for a certain speed.

Figure 1 shows the relation between the variables HR, mechanical power, running form,

speed and the distance to run. The relation between HR and mechanical power can be

determined by an EKG test. The curve that shows the coherence between average speed

and distance takes a long time to draw by recording the individual data, e.g. one has to go

training and record the data day by day for months. If running form is known, than speed

is given by the stride length ls and the cadence c as v = lsc. Our goal is to find the relation

between running form and required mechanical power by pure mechanical calculations. Thus

the arrow now drawn by the dashed line completes the circle.
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Figure 1. Connection of heart rate, running form and running speed



The energy efficiency and injury free running motion is examined widely in the world.

Several different school developed for the investigation of the healthy, efficient and natural

way of running. Our work aims to contribute to this field by using tools of analytical

mechanics. In [3] different human running forms were studied. The ground reaction force

impact was analyzed with respect to the foot strike patterns: fore-foot, mid-foot or rear-foot

strike. For the analysis, a simple one degree of freedom model was introduced with vertical

shank. The authors drew the conclusion that fore-foot landing is the most appropriate one

to avoid injury and to be energy efficient. For the same problem a more complex dynamical

model for foot strike was introduced in [7]. This model also contains only the foot and the

shank, but the angle of the shank is a new parameter. The calculations are based on the

consideration that the motion of the runner is constrained via the ground contact. The

kinetic energy content associated with the constrained motion, which serves as an indicator

to represent the intensity of foot impact, was calculated. In this paper we present some

results drawn from an even more complex mechanical model which contains the full leg and

the trunk of the human body as well.

2. Modeling issues and indicators for foot impact intensity

The essential problem of dynamical modeling in the case of legged locomotion systems is

the changing of the topology. A common challenge in mechanical modeling of walking and

running systems is the modeling of the foot impact with the ground.

In the mechanical description of legged locomotion the finite (continuous) dynamics

and the discrete collision event (impulsive dynamics) are distinguished. Let the finite-time

dynamics be described by the following equation of motion:

M(q)q̈ + C(q, q̇) = Q, (1)

where M is the mass matrix, C contains the Coriolis and centrifugal terms. Vector Q

represents the generalized forces applied on the system, e.g. gravity or muscle forces. For

the description of the impulsive dynamics (1) can be rewritten in the form [7]:

M(q)(q̇+ − q̇−) = F̂, (2)

where q̇− = q̇(t−) and q̇+ = q̇(t+) are the generalized velocities before and after the collision

respectively. F̂ is the impulse of the impact forces, all other forces are neglected. Using (2)

the post impact generalized velocities can be theoretically determined.



2.1. Impact modeling - conservation of the angular momentum

When q̇+ is to be determined, the typical approach in the literature of passive walkers is the

conservation of the angular momentum during the impulsive dynamics of foot impact. The

simplest model of walking is demonstrated in [8], and the impulsive dynamics is detailed

there. As it is explained, there is an impulse at the swing foot contact point and the former

stance leg has no impulsive reaction with the ground when it leaves it. A more general

explanation of the angular momentum conservation is detailed in [9] for determination of

the post impact velocities. Neglecting non-impulsive forces at foot strike, angular momentum

is conserved during the collision for the full system and also for its subsystems. Figure 2.a

shows an open kinematic chain. When it collides with the ground, the angular momentum

of system ”a” for point A is reserved, and also for subsystem ”b” and ”c” for point B and C

respectively. With this, the system of algebraic equations for the unknown velocities are:

D(q)q̇− = A(q)q̇+, (3)

from which the post impact generalized velocity is determined as: q̇+ = A−1Dq̇−. This

matrix formalization appears in [10]. This approach requires a kinematical description using

the minimum set of generalized coordinates, where the stance leg is connected to the ground

by a revolute joint as showed in Figure 2.b.

2.2. Impact modeling - projection technique

Instead of the conservation of the angular momentum of the subsystems, the foot impact can

also be considered as an impulsively arising holonomic constraint as in [11, 7]. This kind of

approach for modeling the foot contact also can be found in [12]. This modeling approach is

illustrated in Figure 2.c, where the permanent constraint of the stance leg is canceled, thus

two more descriptor coordinates (x and y) are needed. It is straightforward that holonomic

constraint equations are introduced when the legs get in contact with the ground. Before the

foot strike, the system is moving under the control of the constraints related to the previous

stance leg, thus at the time instant of the collision q and q̇ satisfy these constraints but the

system is considered to be moving free. The new constraints related to the previously swing-

leg arise and with the projection to the space of the admissible motion the new coordinate

velocities can be determined as the admissible velocities:

q̇+ = Paq̇−, (4)

where Pa is the null space of the constraint Jacobian: Pa = I − Pc, where Pc = Φ†qΦq

and the generalized inverse of the constraint Jacobian can be calculated according to [13] as:

Φ†q = M−1ΦT
q (ΦqM−1ΦT

q )−1.
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Figure 2. a: collision of an open kinematic chain with the ground, b: minimum coordinate

model of a biped passive walker, c: dependent coordinate model

A similar approach can be found in [14] where the problem of foot impact was avoided

by smooth steps. Machines lack many of the features that natural walking systems have

and allow them to produce smooth locomotion: elastic body, superior mobility and agility,

damping abilities. Impacts due to the collisions of legs with the ground may destabilize the

walking cycle of artificial walking systems, thus they are to be avoided. [14] aims to minimize

these phenomena via the design of a control scheme for walking without impacts.

The comparison of the two impact modeling methods highlighted advantages and draw-

backs of them [15]. The main strength of the method using the projection is the applicability

for closed kinematic loops (e.g. walking, when both legs are connection with the ground for

finite time), which is not true for the approach using conservation of angular momentum. Be-

sides the projection method is more algorithmic, which is very important in case of complex

multibody models, e.g. full body human model with legs, arms, trunk and head. Fur-

thermore, the decrement and the remaining part of the kinetic energy can also be easily

determined via the kinetic energy related to the constrained and the admissible part of the

motion respectively:

Tc =
1

2
(q̇−)TPT

c MPcq̇
−, (5)

Ta =
1

2
(q̇−)TPT

a MPaq̇−. (6)

Tc is called constrained motion space kinetic energy (CMSKE) in the literature. Papers [7]

and [16] showed that foot strike intensity can be characterised by the CMSKE which depends

on the pre-impact configuration and velocity and the effective mass matrix PT
c MPc. The

effective mass concept for foot impact is introduced in [17] for a one degree of freedom model.

In this work the CMSKE is used in the same form for characterise the foot impact intensity.



The only inconsistency with [16] is that the constraints related to ground contact are slightly

different. This issue is detailed in subsection 2.3.

2.3. Ground contact and friction

The ground contact is handled by holonomic constraints in our work and the related literature

[7] and [16]. However a significant contradiction with [16] is that the CMSKE is considered

only in connection with the vertical (normal) direction constraint represented by the ground.

The horizontal (tangent) ground force is modeled by a friction force in [16]. Thus Tc derived

from only the constraint that constrains the vertical motion of the foot.

The approach of this work is different. We assume that there is no slip when touchdown,

than the friction force can be replaced by a constraint force. In our modeling approach both

the vertical and the horizontal motion of the foot contact point is constrained immediately

when touches the ground. So the projection matrix Pc in our calculations and thus the kinetic

energy Tc obviously will differ from Pc and Tc considered in [16] for same configurations.

However in [16] the horizontal motion is also prevented by a friction force, so that part of

kinetic energy will be absorbed as well.

Our approach indicates a question whether our assumption about the slip is true or not.

In general this drives to a combinatorial problem if there is more than one contact point

at the same time. We avoid this problem by making this check after the simulations and

not during the simulation. So we calculate the critical value of the friction coefficient along

the time propagation. If the initial assumption did not stand, we would throw away the

simulation results, but in a normal situation, when the running form is not extremely bad,

the assumption is true. It is also proved by simulation results, which is presented below.

The critical value of the friction coefficient µc is introduced in [16] as another indicator

for foot impact quality. Instead of using the formula adopted from [16]:

µc =
Φq,tM

−1ΦT
q,n

Φq,tM−1ΦT
q,t

(7)

we calculate the critical value of the friction coefficient as:

µc =
ft

fn
, (8)

where fn and ft are the normal and tangent direction ground contact force respectively. They

are calculated from the corresponding Lagrange multipliers. In equation (7) Φq,n = ∂ϕϕϕn/∂q

and Φq,t = ∂ϕϕϕt/∂q are the constraint Jacobians with respect to the normal and tangent

direction constraints ϕϕϕn and ϕϕϕt respectively. Another possible representation of the same

constraint Jacobians are adopted from [16]:

vc =

[
vc,n

vc,t

]
=

[
Φq,n

Φq,t

]
q̇, (9)



where vc is the velocity of the contact point of the foot with normal vc,n and tangent direction

component vc,t.

2.4. Another possible indicator: change in the velocity

We propose to use the change of the velocity vector of the trunk as an indicator for the

quality of stride, because it is a very important, how the next flying phase starts. Obviously

the velocity vector should have a positive vertical component. The exact definition of this

indicator is not easy to make unique, because the velocity can be different at every point of

the body. Since, the trunk is modeled by a single point mass, here it was obvious to use the

change of its velocity components (∆vx, ∆vz). However, for example the center of mass of

the full body could be chosen.

3. A simple mechanical model of running

As it was mentioned above, two main phases of walking or running can be distinguished, one

is the continuous phase governed by equation (1), the other is the stride which is governed

by impulsive dynamics (2). This work aims to focus on the landing phase of running, hence

a one legged model is introduced. We will show that the consideration of the full body

weight is needed to obtain a good insight of the dynamics of foot landing. The aim of

the investigations is to identify the most important parameters of running form, e.g. strike

pattern, hip, knee and ankle angle, the angle of the trunk and the neck ect., and to identify

their optimal value. The model and its parameters shown in Figure 3.a is used to analyze

the effect of ankle angle αA and two different strike patterns: heel strike and forefoot strike.

Weight and geometric data used in the simulations are collected in Table 1 and adopted from

[18, 19]. Segmental center of gravity (c.o.g.) locations are measured from proximal ends of

each segment. Since we have a one legged model, the mass of the missing body parts (head,

arms and other leg) are collected in the trunk weight. The moment of inertia of each segment

of the leg is estimated by homogeneous rod model. The data correspond to an average 24

years old male person with 73[kg] bodyweight and 173.1[cm] height [18, 19]. The mechanical

Table 1. Inertial and geometric data of body segments

weight moment of inertia length c.o.g.

[kg] [kgm2] [m] [m]

trunk 58.5 - - -

thigh 10.3 0.557 0.402 0.164

shank 3.16 0.193 0.428 0.188

foot 1.00 0.0018 0.074 0.032
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Figure 3. a) one legged mechanical model and its parameters, b) descriptor coordinates

of the system, c) constraints of the foot in different configurations: free motion, forefoot

contact, heel contact, full sole contact (midfoot contact)

model uses the concept of the so called natural coordinates explained in [20]. The number

of descriptor coordinates (n=14), which are shown in Figure 3.b, is higher than the number

of degrees of freedom thus geometric constraints collected in ϕb are used.

ϕϕϕb =



xb − xt1

zb − zt1

xt2 − xl1

zt2 − zl1

xl2 − xf1

zl2 − zf1

(xt1 − xt2)2 + (zt1 − zt2)2 − L2
t

(xl1 − xl2)2 + (zl1 − zl2)2 − L2
l

(xf1 − xf2)2 + (zf1 − zf2)2 − L2
f


, ϕϕϕc =


xf1 − xf1c

zf1 − 0
xf2 − xf2c

zf2 − 0

. (10)

ϕϕϕb contains the mb = 9 number of geometric constraints of the body model itself while ϕϕϕc

represents the mc = 4 number of constraints related to the ground contact. The contact

position of the heel and the forefoot is represented by xf1c and xf1c. The redundant set of

constraints have to be avoided, thus depending on the configuration the constraints in ϕϕϕc

can be activated or released. The possible situations are illustrated in Figure 3.c.

Since two base point on the foot can be connection with the ground, the strike index

used in [4] and [7] can be s = 0 or s = 1 which corresponds to heel strike and forefoot strike

respectively. Therefore the presented mechanical model is not appropriate for investigating

fractional values of s. In fact in reality these two values are the most relevant.



4. Results

Numerical simulations were done with the model presented in section 3. All simulations

started a few hundredths of a second before the strike event. We simulate the whole process

of foot landing, it means that we do the simulation until both heel and forefoot touches the

ground. Usually it happens at different time instances. The indicators Tc and µc of the

heel and forefoot impact intensity were calculated, and we also calculated the change of the

velocity ∆vx and ∆vz of the trunk.

4.1. Basic cases of foot strikes

It is known from experience that overstride and heel strike is in connection. Usually over-

striding impels heel strike, and it is natural that forefoot landing happens if the landing

point is almost under the center of gravity of the body. However it worth to investigate all

possible situations. The results are summarized in Figure 4. On the time history of the

kinetic energy (Figure 4.a) the impulsive decrements of the kinetic energy can be seen due to

heel and forefoot touchdown. The dashed line on the first diagram show the case when there

is no ground-heel contact at all, [4] also distinguishes toe strike and forefoot strike. The sum

of these decrements and the impulsive velocity changes are shown in Figure 4.b. One can

conclude that Tc related to the forefoot touchdown is always smaller than Tc from heel strike,

and it is the same for the velocities. As another important result we can see that the effect

of the ankle angle αA (see Figure 3) is more significant than strike pattern. Simulations also
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showed that if the forefoot touches the ground first, than the shank is pushed back, and the

ankle angle becomes almost ideal before the heel reaches the ground. As a practical result

we can conclude that overstriding should be avoided and forefoot landing is better than heel

strike both from the viewpoint of energy efficiency and injury free running.

4.2. Effect of ankle angle

The importance of ankle angle was pointed out in subsection 4.1, thus a more thorough

analysis of its effects were done by a sequence of simulations with different ankle angles in

case of heel strike and also forefoot strike. In [7] the model shows that in higher strike index

values the effect of the changes in the ankle angle is not significant. This contradiction is

because there is no body mass in the models investigated in [4] and [7]. We can conclude that

the leg cannot be analyzed in itself, just only together with the inertia of other body parts.

We also have to notify that a correct ankle angle imposes right strike index, so the conclusion

in [4] and [7] that strike index is so important is indirectly confirmed. Figure 5 also confirms

that Tc can be considered as a proportional function of the contact force denoted by ft and

fn. It is in coincidence with [21].
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Figure 6. Different landing strategies are used when running downhill or running flat

Figure 6 shows the evidence how important the ankle angle is. When running downhill

one tries to control the speed and not to accelerate too much because that may cause accident.

The breaking technique is basically the overstriding, because it results in the largest energy

absorption. In contrast, a professional marathon runner, whose aim is to run fast and at the

same time to save energy, keeps his ankle in negative angle (see Figure 6 right).

5. Conclusions

This work showed that it is not possible to achieve realistic results without modeling the

motion of thigh and the weight of the trunk. We also showed that the ankle angle is a

very important parameter, even more important than strike index. However, the practical

meaning of this statement is in total correspondence with the referred literatures [3, 4, 7]

because forefoot strike impels correct ankle angle. The calculations confirmed that knowing

exactly the energy Tc (CMSKE) which absorbed at every step and the critical friction value

µc, we are able to analyze and compare different running styles. Besides we proposed another

indicator for foot impact quality, which is related with the velocity vector of the body center

of mass.
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