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Abstract. The prestressed end-notched flexure fracture specimen is developed in the present work,
which combines the traditional double-cantilever beam and the end-notched flexure specimens in a
very simple way. The most important features of the new beam-like specimen are that it is able to
provide any combination of the modes I and II strain energy release rates and it may be performed
by using a simple three-point bending fixture. The mode-I part of the strain energy release rate is
fixed by inserting a steel roller, which causes a fixed crack opening displacement. The mode-II part
of the energy release rate is provided by the external load. A simple closed-form solution using beam
theory is developed for the energy release rates of the new configuration. The applicability and the
limitations of the novel configuration are demonstrated using unidirectional glass/polyester composite
specimens. If only propagation onset is involved then the prestressed end-notched flexure specimen
can be used to obtain the fracture criterion of transparent composite materials in a very simple way.

Key words: Beam theory, double-cantilever beam, end-notched flexure, interlaminar fracture, three-
point bending, variable mode-mixity.

1. Introduction

The delamination testing of composite materials plays very important role in the
practical life. To determine the fracture criterion the strain energy release rate
(SERR) of the material should be determined under different combinations of the
modes I and II loading. In the case of the pure modes I and II there are differ-
ent configurations, which are relatively easy to perform. The double-cantilever beam
(DCB) is a standard tool (ASTM D5528, ISO/DIS 15024) to measure the mode-I
toughness of composites (Williams, 1989; Olsson, 1992; Ozdil and Carlsson, 1999a;
Morais et al., 2002). For mode-II testing six specimens are available: the end-notched
flexure (ENF) (Carlsson et al., 1986; Wang and Williams, 1992; Wang and Qiao,
2004), the stabilized end-notched flexure (SENF) (e.g. Davies et al., 1996), the end-
loaded split (ELS) (Davies et al., 1996; Wang and Vu-Khanh 1996), the 4-point bend
end-notched flexure (4ENF) (Schuecker and Davidson, 2000; Davies et al., 2005), the
over-notched flexure (ONF) (Wang et al., 2003; Szekrényes and Uj, 2005) and the
tapered end-notched flexure (TENF) coupons (Edde et al., 1995; Qiao et al., 2003b,
Wang and Qiao 2003). Each configuration has advantages and relative drawbacks as
it has been highlighted for example by Szekrényes and Uj (2005). The mixed-mode
I/II is the combination of the pure modes I and II. A mixed-mode I/II configuration,
which satisfies the following requirements, would be preferable:
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• Able to produce any combination of the modes I and II, i.e. able to vary the
mode-ratio within wide ranges.

• Requires a simple experimental equipment.
• The experimental data is easy to reduce.
• Involves a simple analytical and numerical solution.
• Can be applied for a wide variety of material pairs.

It has been shown that numerous excellent mixed-mode configurations exist, but
none of these satisfies the above requirements (Reeder and Crews, 1990; Davidson
and Sundararaman, 1996). The asymmetric DCB (ADCB) specimen was proposed
by Bradley and Cohen (1985). However, this involved loading the arms of the spec-
imen with two different loads, which is possible by using a complex loading system.
Hashemi et al. (1987) developed the variable mixed-mode (VMM) test. Due to cer-
tain complications (e.g., the mode ratio changes with the crack length) neither this
one became the optimal solution. The cracked-lap shear (CLS) (Lai et al., 1996; Rhee
and Chi, 2001) specimen was also an attempt to construct a many-sided specimen.
Due to its significant disadvantages (large rotations at the crack tip, complex anal-
ysis, etc.) it is used only in few cases. The single-cantilever beam (SCB) (Hashemi
et al., 1990a, b; Szekrényes and Uj, 2004), the single-leg bending (SLB) (Yoon and
Hong, 1990a; Davidson and Sundararaman, 1996; Szekrényes and Uj, 2004), and the
mixed-mode flexure (MMF) (Korjakin et al., 1998) specimens are able to produce
only a constant mixed-mode ratio. However, varying the thickness ratio of the upper
and lower specimen arms of the DCB (which is an ESIS TC4 standard) (Sundarar-
aman and Davidson, 1997; ESIS, 2000), ENF (Sundararaman and Davidson, 1998),
SCB (Hashemi et al., 1990b), and SLB (Davidson and Sundararaman, 1996) spec-
imens and applying different material pairs it is possible to produce different mode
ratios. In this case different specimen geometry is necessary and furthermore, geomet-
rical nonlinearities may also arise.

The most universal mixed-mode I/II tool is the mixed-mode bending (MMB,
ASTM D6671-01) specimen, which was developed by Crews and Reeder (1988) and
Reeder and Crews (1990). It is able to produce any mode-ratio, however it has many
drawbacks. First of all it requires a complex fixture and bonded steel hinged tabs.
Apart from that a beam theory-based reduction technique was recommended, which
is reliable in the case of unidirectional composites, but questionable in the case of
multidirectional laminates. Later, an experimental compliance calibration (CC) was
developed for data reduction (e.g., Ducept et al., 1999). In addition, unstable crack
propagation may occur if the fracture is mode-II dominated. Later, the MMB was
redesigned in order to reduce the nonlinear effects and take the weight of the lever
into account (Reeder and Crews, 1991; Reeder, 1992, 2000). A very large amount of
experimental work was performed using the MMB specimen (Ducept et al., 1997,
1999, 2000; Asp et al., 1998, Chen et al., 1999; Ozdil and Carlsson, 1999b; Kim
and Mayer, 2003). It should be mentioned that the fracture envelope obtained by the
updated test rig was quite different than that of the original apparatus (Reeder and
Crews, 1991).

Therefore, the development of the different setups is still in progress nowadays.
The single leg four-point bend (SLFPB) test was developed by Tracy et al. (2003).
The so-called over-leg bending (OLB) is the modified version of the traditional
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SLB one (Szekrényes and Uj, 2006b). Both are suitable for crack propagation
measurement; however these specimens do not overcome the MMB specimen. Ifju
et al. (2002) and Chen et al. (2003) developed three new mixed-mode I/II setups
for the testing of stitched composites. The main advantage of these setups is that
the fiber micro-buckling may be eliminated. Although the energy release rate can be
determined at any mode ratio, the setups require special grips and a clamping fixture.
The next step was done by Sørensen et al. (2004), who updated the ADCB configura-
tion by loading the specimen by different moments, so the DCB specimen loaded by
uneven bending moments (DCB-UBM) was developed. In some points of view this
method overcomes the MMB test, i.e. it promotes stable crack propagation at any
mode ratio, and the mixed-mode cohesive laws (3D plot of the fracture resistance
versus the crack opening and shearing displacements) can be determined. However,
this is very time-consuming. On the other hand, the test requires a complex fixture,
bonded steel tabs and the measured data is again can be reduced only by a beam the-
ory solution. So, despite the large number of the developed beam-like fracture spec-
imens there is not an optimal solution.

Apart from the beam-like specimens there are also other possibilities to determine
the fracture criterion of composite materials. The edge delaminated tension (EDT)
test was discussed in detail by Raju et. al (1988), the drawbacks of the test were
summarized by Reeder and Crews (1990). The Arcan-type fixture was developed in
1978 (Arcan et al., 1978). Among others Yoon and Hong (1990b) applied the Arcan
test to determine the fracture criterion for graphite/epoxy laminates. Later Rikards
et al. (1998) proposed the compact tension shear specimen (CTS), which is eventually
based on the Arcan test. Although the Arcan test covers all the mixed-mode ratios
including the pure mode-I to mode-II, the results can only be obtained by a numer-
ical (finite element) analysis, which involves the singularity at the crack tip. On the
other hand the test uses a complex loading fixture.

This work presents a novel configuration for mixed-mode I/II interlaminar fracture
testing. The prestressed end-notched flexure (PENF) coupon exhibits several advan-
tages in comparison with the existing mixed-mode I/II specimens. The test may be
performed in a three-point bending setup, does not requires bonded steel tabs and any
mode ratio can be obtained at the crack length of interest. A relative drawback of the
test is that the mode ratio significantly changes with the crack length and the applied
load, and the mode ratio can be determined only after the experiment has been per-
formed. Thus, the advantages of the PENF specimen over the previously developed
universal tests can be exploited if only crack propagation onset (initiation) is involved.

2. The prestressed end-notched flexure specimen

2.1. Energy release rate and mode ratio

The PENF specimen simply combines the traditional DCB and ENF coupons. As it
is shown in Figure 1 the crack opening displacement (COD), and so the mode-I part
of the problem is fixed by inserting a steel roller at the delamination plane. To deter-
mine the strain energy release rate of the PENF specimen we apply Williams’ global
mode decomposition method (Williams, 1988; Ducept et al., 1999), which gives the
following expressions for the modes I and II energy release rates:
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Figure 1. The mixed-mode I/II PENF specimen (a) as the superposition of the DCB (b) and ENF
(c) specimens.

GI = 12M2
I

b2h3E11
, (1)

GII = 9M2
II

b2h3E11
, (2)

where b is the width of the specimen, h is half of the thickness and E11 is the flexural
modulus of the specimen, furthermore:

MI = (M1 −M2)/2, MII = (M1 +M2)/2, (3)

where M1 and M2 are bending moments at the upper and lower arms at the crack
tip. Based on Figure 1a–c we treat the PENF specimen as the superposition of the
DCB and ENF specimens. So we may write:

M1 =
(

PDCB + PENF

4

)
a, M2 =

(
−PDCB + PENF

4

)
a. (4)

Incorporating Equation (3) we obtain:

MI =PDCBa, MII = PENF

4
a. (5)

Using a three-point bending setup the external force is equal to PENF. To calculate
the force PDCB, which causes the fixed COD (δDCB), we need the compliance of the
DCB specimen, which (using simple beam theory) is (Williams, 1989; Olsson, 1992):

CDCB = 8a3

bh3E11
= δDCB

PDCB
. (6)
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Rearranging Equation (6) we obtain:

PDCB = bh3E11δDCB

8a3
. (7)

Combining Equations (7) and (5) with Equations (1) and (2) we obtain the SERRs
of the PENF specimen:

GI =
3h3E11δ

2
DCB

16a4
, (8)

GII = 9P 2
ENFa2

16b2h3E11
. (9)

The mode ratio by combining Equations (8) and (9) is:

GI

GII
= b2E2

11

3

(
h

a

)6 (
δDCB

PENF

)2

. (10)

If the COD is fixed then – in accordance with Equation (10) – the mode-ratio
depends on the applied load PENF and the crack length a.

It has been shown that the result of Euler–Bernoulli beam theory for the compli-
ance and SERRs of the common specimens can be significantly improved (Williams,
1989; Olsson, 1992; Wang and Qiao, 2004; Szekrényes and Uj, 2004, 2006a; Szekrényes,
2005). In the following we derive a refined solution. The expressions incorporate the
Winkler–Pasternak-type elastic foundation (Szekrényes, 2005), transverse shear analysis
(Ozdil et al., 1998), Saint-Venant effect (Olsson, 1992) and crack tip shear deformation
(Wang and Qiao, 2004). In our last works Williams’ global method was improved with
the mentioned effects (Szekrényes, 2005; Szekrényes and Uj, 2006a):

GI = M2
I (12+fW2 +fT +fSV)

b2h3E11
, (11)

GII = M2
II(9+fSH2)

b2h3E11
, (12)

where
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where fW2 is the correction from the Winkler–Pasternak foundation, fT is the effect
of transverse shear, fSV is the correction from Saint-Venant effect, fSH2 is the effect
of crack tip shear deformation and k = 5/6 is the shear correction factor. The
improved compliance expression of the DCB specimen is (Szekrényes, 2005):

CDCB = 8a3

bh3E11
+ 2a3

bh3E11
(fW1 +fT +fSV), (17)

where fW1 is the effect of the Winkler–Pasternak elastic foundation:

fW1 =5.07
(

h

a

)(
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E33

)1/4

+8.58
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h

a

)2 (
E11

E33

)1/2
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h
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)3 (
E11

E33
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From Equation (17) the force, which arises in the DCB specimen, is:

PDCB = bh3E11δDCB

8a3

1
1+ (fW1 +fT +fSV)/4

. (19)

Combining Equations (19) and (5) with Equations (11) and (12) leads to the follow-
ing expressions:

GI =
h3E11δ

2
DCB

64a4

[12+fW2 +fT +fSV]
[1+ (fW1 +fT +fSV)/4]2

, (20)

GII = P 2
ENFa2

16b2h3E11
[9+fSH2]. (21)

In this case the mode ratio is:

GI

GII
= b2E2

11

4

(
h

a

)6 (
δDCB

PENF

)2
(12+fW2 +fT +fSV)

[1+ (fW1 +fT +fSV)/4]2
1

(9+fSH2)
. (22)

Consequently, the mode ratio (or the mode-I SERR) can be controlled by varying the
diameter of the steel roller. If we increase the diameter, then it is expected that the
applied load required for crack initiation, PENF will decrease. If we suppose to per-
form crack propagation test and the crack length approaches to infinity, the mode-I
SERR will subsequently decay and it will tend to a pure mode-II problem. Hence,
the mode ratio will also change as the crack propagates.

Figure 2a and b shows, the variation of the mode ratio against the normalized
applied load and the crack length. These results were calculated using improved beam
theory (IBT) (Equation (22), b = 20 mm, h = 3 mm, L = 75 mm, E11 = 33 GPa, E33 =
7.2 GPa, G13 =3 GPa) and are strictly to demonstrate the changes in the mode ratio
of the present E-glass/polyester material at given crack openings (δDCB = 0.5 and
3.0 mm in Figure 2a, and δDCB = 0.5 and 4.0 mm in Figure 2b). The maximal val-
ues of the load (Pmax) and crack length (amax) are chosen arbitrarily. It is important
to identify the crack initiation accurately. On the one hand, if we measure the crit-
ical applied load inaccurately, then the mode-II SERR (and so the mode ratio) will
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Figure 2. Variation of the mode-ratio in the PENF specimen as the function of the applied load (a)
and the crack length (b).

change. On the other hand, after crack initiation some increase in the crack length
may be expected, which also causes changes in the mode ratio. It is also impor-
tant to note that the mode ratio depends on the elastic properties of the material
(see Equation (22)). Table 1 addresses this issue including three material types: the
present glass/polyester material (with low flexural modulus, E11), an isotropic one
and a carbon/PEEK composite (with high flexural modulus, investigated by Hashemi
et al., 1990a). The first block demonstrates the changes in the mode ratio with the
load at a given crack length (a = 55 mm) including given crack openings (δDCB =
2 and δDCB = 3 mm). The mode ratio drastically changes, especially in the case of
the carbon/PEEK material, while the difference between the glass/polyester and the
isotropic material is not significant. The second block of Table 1 demonstrates the
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Table 1. The effect of elastic properties on the mode ratio of the PENF specimen.

Glass/polyester Isotropic Carbon/PEEK

P (N) 50 100 150 50 100 150 50 100 150
a =55 mm GI/GII GI/GII GI/GII

δ =2 mm 4.19 1.05 0.47 5.06 1.27 0.56 49.9 12.5 5.55
δ =3 mm 9.44 2.36 1.05 11.4 2.85 1.27 112.4 28.1 12.5

a (mm) 50 60 70 50 60 70 50 60 70
P =150 N GI/GII GI/GII GI/GII

δ =2 mm 0.78 0.29 0.12 0.97 0.34 0.14 9.31 3.45 1.47
δ =3 mm 1.78 0.64 0.27 2.19 0.76 0.31 20.9 7.76 3.31

h = 3.05 mm, b = 20 mm, Glass/polyester: E11 = 33 GPa, E33 = 7.2 GPa, G13 = 3 GPa,
Isotropic: E11 = 33 GPa, E33 = 33 GPa, G13 = 12.7 GPa, Carbon/PEEK: E11 = 124 GPa,
E33 =10 GPa, G13 =5 GPa.

values of the mode ratio by varying the crack length at a given load value (P =
150 N). These results indicate the same trends as it was found in the first block of
Table 1, i.e. the sensitivity of the mode ratio to the crack length and applied load
requires the accurate determination of these quantities. The accurate determination of
the critical load and the observation of the crack initiation are relatively easy tasks
in the present material due to its transparency.

2.2. Crack stability

The stability of the PENF system can be investigated based on the derivative of the
SERR with respect to the crack length, i.e., dGI/II/da. If this is zero or negative then
stable crack growth may be expected. We consider the case of fixed grip conditions
(Carlsson et al., 1986). Furthermore, only the results of the Euler–Bernoulli beam
theory are considered. The derivative of the energy release rate may be written as:

dGI/II

da
= dGI

da
+ dGII

da
. (23)

Differentiating Equation (8) we obtain:

dGI

da
=−3h3E11δ

2
DCB

4a5
. (24)

Carlsson et al. (1986) investigated the stability of the ENF specimen, they obtained
the following equation:

dGII

da
= 9δ2

ENFa

8b2h3E11C
2
ENF

(
1− 9a3

2L3 +3a3

)
, (25)

where CENF is the compliance of the ENF specimen:

CENF = 2L3 +3a3

8b2h3E11
. (26)
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The sum of Equations (24) and (25) is:

dGI/II

da
= 9δ2

ENFa

8b2h3E11C
2
ENF

(
1− 9a3

2L3 +3a3

)
− 3h3E11δ

2
DCB

4a5
�0. (27)

The solution of Equation (27) for different cases is demonstrated in Figure 3. The
instability of the system subsequently decays as the crack opening of the PENF spec-
imen increases.

3. Experiments

3.1. Specimen manufacturing, material and geometrical properties

The constituent materials of the E-glass/polyester material used in the present study
were procured from Novia Ltd. The properties of the E-glass fiber are E = 70 GPa
and ν =0.27, while for the unsaturated polyester resin are E =3.5 GPa and ν =0.35.
Both were considered isotropic. The unidirectional ([0◦]14) E-glass/polyester specimens
with nominal thickness of 2h = 6.1 mm, width of b = 20 mm, and fiber-volume frac-
tion of Vf = 43% were manufactured in a special pressure tool. A polyamide (PA)
insert with thickness of 0.03 mm was placed at the midplane of the specimens to
make an artificial starting defect. A great advantage of the present E-glass/polyester
material is the transparency, which allows of the visual observation of crack initia-
tion/propagation. The tool was left on room temperature until the specimens became
dry. Then the specimens were removed from the tool and were further left on room
temperature until 4–6 h. The specimens were cut to the desired length and were pre-
cracked in opening mode of 4–5 mm by using a sharp blade. The reason for that
was in this case it was possible to make a straight crack front, which is important
in the case of the crack length measurement and the observation of the crack ini-
tiation. On the other hand, mode-II precracking can be achieved using, e.g. a three-
point bending setup; however in this way the crack front would be non-uniform. The
flexural modulus was determined from a three-point bending test with span length of
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2L=150 mm using six uncracked specimens. The experiment resulted in E11 =33 GPa,
additional properties were predicted by using simple rule of mixture, in this way
E33 = 7.2 GPa, G13 = 3 GPa and ν13 = 0.27 were obtained. Three types of tests were
performed: the traditional DCB test for pure mode-I, the ENF test for pure mode-II
and the mixed-mode I/II PENF test.

3.2. Definition of crack initiation

The crack initiation was identified visually, i.e. crack initiation was identified when
the first non-uniformity concerning the straight crack front was observed.

The accurate determination of the crack length seems to be a difficult issue in the
case of carbon or graphite reinforced composites, where the material is not transpar-
ent. In general in these cases the change of the crack length is measured by painting
the sides of the specimen with white ink (e.g., Morais et al., 2002; Tracy et al., 2003).
This should be mentioned that the crack initiates first at the center of the specimen
and the crack front is curved. This fact indicates that at the present stage the PENF
specimen is recommended mainly for the testing of transparent materials.

3.3. Double-cantilever beam test

For the DCB test (Figure 1b) four specimens with a = 55 mm were prepared. Steel
hinges were bonded to the surfaces of the specimens. The specimens were tested using
an Amsler testing machine and were loaded until the point of fracture initiation. At
this point the critical crack opening displacement (COD) and the critical load were
recorded. The displacement was measured using a mechanical dial gauge, while the
values of the applied load were read from the scale of the testing machine.

3.4. End-notched flexure test

Similarly, four ENF coupons with initial crack length of a = 55 mm were pre-
pared. The coupons were placed in a three-point bending setup with span length of
2L = 150 mm and were loaded up to fracture initiation in the same Amsler testing
machine. At this point the critical load and displacement were recorded in a similar
fashion to that mentioned in the DCB test.

3.5. Prestressed end-notched flexure test

The experimental equipment for the PENF test is demonstrated in Figure 4. The tests
were carried out using an Amsler testing machine under displacement control. The
span length was 2L= 150 mm, the crack length of interest was a = 55 mm. The rea-
son for the latter was that the critical crack opening measured from the DCB test
is about 4.5 mm (if a = 55 mm) and the crack tip is far enough (20 mm) from the
point of load application. The stiffness, the compliance and the mode-II SERR of
the PENF specimen are identical to those of the ENF specimen. We applied six steel
rollers to control the mode-I part of the SERR including the following diameters:
d0 =1, 1.5, 2, 2.4, 3 and 4 mm. It was assumed that the crack opening displacements
(δDCB) in Equations (8) and (20) are equal to these values. To compensate the height
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Figure 4. The mixed-mode I/II Prestressed End-Notched Flexure (PENF) specimen.

difference caused by the steel rollers, several underlays with corresponding thicknesses
were inserted under the right support in order to hold the specimen in the horizon-
tal plane. It should be mentioned that due to the curved shape of the deflections of
the upper and lower specimen arms the contact points between the roller and the
arms are slightly shifted. However, due to the relatively small crack opening this was
estimated to be very small. Also, due to the relatively high pressure on the rollers
caused by the specimen arms the position of the rollers was always stable and no
slip occurred. Similarly to the DCB and ENF tests, we applied four coupons at each
steel roller. The load–deflection data was measured by using the scale of the testing
machine and the dial gauge (see Figure 4).

4. Results and discussion

4.1. Load and displacement

The measured load/displacement traces are shown in Figures 5 and 6. For both
cases the response was approximately linear elastic. In fact a very small nonlinear-
ity was observed at the end of the curves, shown in Figures 5a and 6a, however this
was not enough to identify the crack initiation without the photographs. At each
steel roller four specimens were tested, one of them was used to follow the changes
in the straight crack front by making photographs. All the other three specimens
were loaded continuously and the crack initiation was observed in situ. So, the for-
mer specimen was loaded subsequently, at some points the specimen was relieved,
removed from the test rig and the crack front was checked. If the first non-uniformity
was observed, then it was considered to be the point of fracture initiation. Figure 5
shows this process in the case of the ENF specimen. The third photo on the crack
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front (Figure 5b) is a typical mode-II crack. The crack initiation process was similar
in the case of the PENF specimens, as it is demonstrated in Figure 6.

The load/displacement curves were fit with a linear function, and it was found that
they are very close to each other (see the legends in Figures 5a and 6a). As a conse-
quence, the application of steel rollers does not influence the stiffness of the system
and the compliance of the PENF system is equal to that of the ENF one.

4.2. Data reduction

Four techniques were applied to reduce the experimentally measured data. These are
given below.

4.2.1. Simple beam theory
Double-cantilever beam. The definition MI =PI·a was substituted into Equation (1),

where PI is the value of the load at crack initiation in the DCB specimen.
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Figure 6. Load–displacement curve of the PENF specimen, d0 =2 mm (a), non-uniformity of the crack
front at the point of crack initiation (b).

End-notched flexure specimen. For the ENF specimen Equation (9) was used and
PENF was replaced with PII, where PII is the value of the load at crack initiation in
the ENF specimen.

Prestressed end-notched flexure specimen. For the PENF specimen the energy
release rates are given by Equations (8) and (9).

Although the application of the beam theory as a data reduction scheme is simple,
in general the accuracy of the method is not satisfactory, because several additional
effects are not accounted for (see, e.g., Olsson, 1992; Wang and Qiao, 2004).

4.2.2. Improved beam theory
Double-cantilever beam. The definition MI =PI·a was substituted into Equation (11),

where PI is the value of the load at crack initiation in the DCB specimen.
End-notched flexure specimen. Using Equation (21) and replacing PENF with PII

gives the improved energy release rate of the ENF specimen, where PII is the value
of the load at crack initiation in the ENF specimen
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Prestressed end-notched flexure specimen. The improved expressions of the modes
I and II energy release rates are given by Equations (20) and (21).

It is noteworthy that in general the additional material properties (E33 and G13)
are not known with the desired accuracy, because the different rules of mixture
give only approximate results. So, the results of the improved expressions (Equations
(20)–(22)) should be considered in the light of these establishments.

4.2.3. Direct beam theory
Double-cantilever beam. The mode-I energy release rate of the DCB specimen is

(Morais et al., 2002):

GDBT
I,DCB = 3PIδI

2ba
, (28)

where PI and δI are the load and displacement values at crack initiation in the DCB
specimen.

End-notched flexure specimen. The direct beam theory (DBT) results in the follow-
ing formula for the SERR of the ENF specimen (Schön et al., 2000):

GDBT
II,ENF = 9PIIδIIa

2

2b(3a3 +L3)
, (29)

where PII is the applied load, δII is the displacement of the specimen at the point of
load application if crack initiation occurs.

Prestressed end-notched flexure specimen. For the application of the direct beam
theory the slope of the PI − δI curve at a =55 mm measured from the DCB test was
determined averaging the results of four specimens, then the data was fit with a linear
function, which resulted in:

PDCB =13.84 · δDCB. (30)

In the PENF test Equation (30) was used to calculate the load caused by the steel
rollers including all the six values of the roller’s diameter. The mode-I energy release
rate then was calculated using:

GDBT
I,PENF = 3PDCBδDCB

2ba
. (31)

Furthermore, the mode-II component was determined based on Equation (29) by
using the measured load and displacement values at the point of load application:

GDBT
II,PENF = 9PENFδENFa2

2b(3a3 +L3)
. (32)

According to the DBT the mode-II energy release rate can be obtained directly from
the measured load and displacement values of the PENF specimen by using Equa-
tion (32). Since the applied load does not cause crack opening we may assume that
the complete load is related to the mode-II SERR.

This method has similar drawbacks to the simple beam theory (SBT); however this
is the simplest direct data reduction technique, because only one expression deter-
mines the energy release rate.
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4.2.4. Compliance calibration
Double-cantilever beam. For the DCB test 20 specimens were prepared with crack

lengths of a =20, 25, 30, 35, 40, 45, 50, 55, 60, 65, 70, 75, 80, 90, 100, 110, 120, 130,
140 and 150 mm in order to determine the compliance of the DCB system in a quite
extended crack length range. Each specimen was loaded until fracture initiation. The
measured data was fit by the following function (Ozdil and Carlsson, 1999a):

CDCB =βan, (33)

where β and n may be found by using a curve-fit technique. The mode-I energy
release rate at the point of crack initiation was determined by the help of the
Irwin–Kies expression (e.g., Olsson, 1992) using the same specimens that were used
in developing Equation (33):

GCC
I,DCB = P 2

I

2b

dCDCB

da
. (34)

End-notched flexure specimen. For the ENF test 10 specimens were used to deter-
mine the compliance curve of the system in the crack length range of a=25 to 70 mm
with 5 mm increments. Each specimen was loaded until fracture initiation occurred.
The compliance at each crack length was calculated and the values were fit by a third
order polynomial of the form (Schuecker and Davidson, 2000):

CENF =C01 +ma3, (35)

where C01 and m were found by using least square fitting. In this case the mode-II
SERR is:

GCC
II,ENF = P 2

II

2b

dCENF

da
. (36)

Again, the SERR was determined for the same specimens that were used for obtain-
ing the C(a) curve (Equation (35)).

Prestressed end-notched flexure specimen. The modes I and II energy release rates
were determined by combining the results of the DCB and ENF tests. Using the
derivative of the DCB compliance curve (Equation (33)) the mode-I energy release
rate is:

GCC
I,PENF = P 2

DCB

2b

dCDCB

da
, (37)

where PDCB was obtained by the help of Equation (30). In a similar fashion, the
mode-II component by using the derivative of the ENF compliance curve (Equation
(35)) is:

GCC
II,PENF = P 2

ENF

2b

dCENF

da
. (38)

It is noteworthy that the application of the CC method is complicated in the case
of the PENF specimen. The reason for that is it is not possible to test at a single
mode ratio without performing DCB and ENF tests. Furthermore, it is recommended
to determine the compliances in a quite extended range of crack length, because
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Figure 7. The measured compliance values and the fit compliance curves of the DCB (a) and ENF
(b) specimens.

the accuracy of the method depends on the number of points used for the curve-fit
process. On the other hand the specimen-to-specimen variation is not accounted for;
this may cause problems if the specimens are fabricated using more than one com-
posite plate. The latter problem was eliminated by using the pressure tool (refer to
Section 3.1), in which the accuracy of the specimens (concerning the same fiber con-
tent and the geometry) is guaranteed.

Figure 7 demonstrates the measured compliance values and the fit curves of the
DCB (Figure 7a) and ENF (Figure 7b) systems. Both fit well the measured data. It
is remarkable that the exponent (n) in Equation (33) was higher than 3.

4.3. Critical Energy release rates

Table 2 lists the mode mix, the modes I and II and the mixed-mode I/II energy
release rates at crack initiation as obtained by the various data reduction schemes.
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Table 2. Critical energy release rates calculated by four reduction schemes.

δDCB (mm) 0(ENF) 1 1.5 2 2.4 3 4 4.51(DCB)

Simple beam theory

(SBT)
GI/GII 0 0.04 0.13 0.34 0.66 1.64 9.47 ∞

− ±9e-4 ±7e-4 ±6e-3 ±0.03 ±0.05 ±0.52 −
GI (J/m2) 0 19.2 43.2 76.7 110.5 172.7 306.9 390.2

GII (J/m2) 741.0 536.2 321.6 229.0 165.9 104.8 33.0 0

±18.0 ±13.8 ±16.6 ±3.9 ±7.6 ±3.2 ±1.8 −
GI/II (J/m2) 741.0 555.4 364.8 305.7 276.4 277.5 339.9 390.2

Impoved beam theory

(IBT)
GI/GII 0 0.02 0.09 0.22 0.43 1.05 6.09 ∞

− ±7e-4 ±4e-3 ±4e-4 ±0.02 ±0.04 ±0.4 −
GI (J/m2) 0 12.8 28.9 51.3 73.9 115.4 205.2 260.9

GII (J/m2) 770.8 553.9 334.1 238.2 173.5 109.6 33.7 0

±18.8 ±16.6 ±17.3 ±4 ±8.2 ±3.6 ±2.3 −
GI/II (J/m2) 770.8 566.7 363.0 289.5 247.4 225.0 238.9 260.9

Direct beam theory

(DBT)
GI/GII 0 0.04 0.14 0.34 0.66 1.63 9.19 ∞

− ±1e-3 ±6e-3 ±4e-3 ±0.03 ±0.06 ±0.81 −
GI (J/m2) 0 19.3 43.3 77.0 110.9 173.3 308.1 391.7

GII (J/m2) 724.1 522.0 315.4 224.7 165.4 105.0 34.7 0

±16.9 ±18.2 ±13.2 ±2.6 ±7.5 ±4.0 ±3.2 −
GI/II (J/m2) 724.1 541.3 358.7 301.7 276.3 278.3 342.8 391.7

Compliance calibration

(CC)
GI/GII 0 0.03 0.10 0.26 0.50 1.25 7.26 ∞

− ±8e-4 ±5e-3 ±4e-3 ±0.03 ±0.04 ±0.5 −
GI (J/m2) 0 13.8 31.1 55.3 79.7 124.5 221.4 281.5

GII (J/m2) 700.1 503.2 303.5 216.3 157.6 99.6 30.6 0

±17.0 ±15.0 ±15.7 ±3.7 ±7.4 ±3.3 ±2.0 −
GI/II (J/m2) 700.1 517.0 334.6 271.6 237.3 224.1 252.0 281.5

IBT (GI) DBT(GII) GI/GII 0 0.025 0.09 0.23 0.45 1.10 5.91 ∞
− ±9e-4 ±4e-4 ±3e-3 ±0.03 ±0.04 ±0.54 −

GI (J/m2) 0 12.8 28.9 51.3 73.9 115.4 205.2 260.9

GII (J/m2) 724.1 522.0 315.4 224.7 165.4 105.0 34.7 0

±16.9 ±18.2 ±13.2 ±2.6 ±7.5 ±4.0 ±3.2 −
GI/II (J/m2) 724.1 534.8 344.2 276.0 239.3 220.5 239.9 260.9

The geometries tested had properties of a=55 mm and 2L=150 mm and at each steel
roller four coupons were used. The scatter is also given in the case of the mode ratio
and the mode-II component. Since the mode-I SERR is fixed; the scatter of GI/II is
equal to that of the GII. From Table 2 one can see that the complete range of mode-
mixity can be covered using the PENF coupon.

The mode-I critical SERR is somewhat higher in accordance with the simple beam
theory compared to the result by improved beam theory. The reason for that is IBT
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accounts for crack tip deformation and rotation, and therefore predicts a slightly
lower force caused by the steel roller. This fact results in a lower mode-I SERR. In
contrast, the improved beam theory predicts a higher critical mode-II SERR com-
pared to the simple beam model, which can be explained by the fact that the for-
mer takes the crack tip shear deformation (Wang and Qiao, 2004; Szekrényes and Uj,
2005) into account. The results of the experimental reduction techniques are shown
in the third and fourth blocks of Table 2. It is shown that the results calculated
by DBT are very similar to those calculated by simple beam theory (first block of
Table 2). As it was mentioned in Section 4.2, these methods have similar deficiencies.
Finally, the results of the compliance calibration correspond well with those calcu-
lated by the improved beam theory. This conclusion confirms the application of the
improved expressions (Equations (20)–(22)), and it seems that the way in which the
additional material properties were determined is acceptable.

Seeing the results of Table 2 it transpires that the difference between the GI

results of the simple and improved beam model (or between the results by the CC
method and direct beam theory) increases as the mode ratio increases. On the con-
trary, the greater the mode ratio the smaller the difference between the values of GII

as obtained by simple and improved beam theory. In spite of the good agreement
between the CC method and improved beam theory it should be mention that there
is an inherent smoothing process that comes into play by using a single CC curve for
all specimens. Thus, some caution needs to be employed in generalizing the results
and conclusions considering the CC method.

The mixed-mode I/II energy release rate by SBT and IBT agree well if δDCB is
1.5 mm. In this respect the best agreement between the DBT and CC methods is
expected if δDCB is between 1 and 1.5 mm.

As a summary, for unidirectional composites the IBT is reliable and simple to
apply, as it has been highlighted by other authors (e.g., Ducept et al., 1997; Ozdil
and Carlsson, 1999), although the CC method is more reliable in angle-ply lami-
nates. The reason for that is the difference in the predicted and manufactured stiff-
nesses (Davidson and Sundararaman, 1996). Although one would expect that the CC
method yield the most accurate result, this is the most complicated reduction tech-
nique due to the large number of DCB and ENF specimens required to data reduc-
tion. From Table 2 a comparison of results for total SERR in the DCB and ENF
configurations shows that the IBT is the most accurate in mode-I, while the DBT
is the most accurate in mode-II compared to the results by the CC method. The
accuracy of the IBT is +7.2% in mode II and −7.3% in mode-I compared to the
CC technique. Because of the SERR of the DCB and ENF systems was determined
using the same specimens used for developing the C(a) curve, we may assume that its
accuracy is within this range also for other mode-mixities. The last block of Table 1
presents the results obtained by using the IBT for mode-I and the DBT for mode-
II. This way we obtain the best correlation to the CC method considering the total
SERR, while in the case of the mode ratio the values are similar to the results by
IBT. The scatter in Table 2 is within reasonable ranges in all the cases, however due
to the nature of the CC method (each specimen has the same dC/da, and so only
the scatter of the mode-II component is included) one must be careful about gener-
alizing these results. Thus, the recommended data reduction method is the IBT for
mode-I and DBT for mode-II.
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4.4. Fracture envelopes

The different mixed-mode I/II fracture criteria were reviewed by Reeder (1992),
Rikards et al. (1998) and Kim and Mayer (2003). We apply the two most popu-
lar criteria. In accordance with the traditional power criterion the following relation
may be established between the mode-I and mode-II strain energy release rates (e.g.,
Hashemi et al., 1990b):

(
GI

GIC

)p1

+
(

GII

GIIC

)p2

=1, (39)

On the other hand Williams’ criterion (e.g., Hashemi et al., 1990a, b) recommends
the following expression:

(
GI

GIC
−1

)(
GII

GIIC
−1

)
− Ii

(
GI

GIC

)(
GII

GIIC

)
=0, (40)

where Ii is the interaction parameter between the mode-I and mode-II SERRs. If Ii =
0 then there is no interaction. Also, if Ii =1 then Equation (40) states a simple addi-
tion. In Equations (39) and (40) GIC is the critical strain energy release rate under
pure mode-I (calculated from the data of the DCB specimen), GIIC is the mode-II
critical strain energy release rate (calculated from the data of the ENF specimen).
The results of the PENF test (listed in Table 2) were used to provide six additional
points in the GI–GII plane. The power parameters (p1, p2) in Equation (39) and the
interaction parameter (Ii) in Equation (40) were determined by a curve-fit technique.

The calculated fracture envelopes are displayed in Figure 8 calculated by two
different schemes: the compliance calibration (Figure 8a) and the combined IBT-
DBT method (Figure 8b). It is interesting that the interaction parameter Ii was the
same in both figures; although the differences between the power parameters are also
small ones. The mode-I critical SERR is somewhat higher in accordance with the
CC method compared to the result by IBT-DBT technique. Figure 8 indicates that
there are negligible differences between the CC method and the combined IBT-DBT
scheme. Overall, the difference between the power and Williams’ criteria is negligible,
both describes the same failure locus. However, the application of Williams’ method
is simpler.

4.5. Comparison with published results

For comparison we present the results of similar experiments, which were published
in the literature. In the first block of Table 3 the results by Ozdil and Carlsson
(1999b) obtained by using MMB specimens are given. The scatter of the data is also
included, where it is available. The unidirectional glass/polyester specimens had sim-
ilar fiber-volume fraction (45%) to that of our coupons. The power parameters are
very close to those shown in Figures 8 and 9. The curves of the criteria are rather
concave; however, they are close to a linear curve. From other point of view the inter-
action parameter Ii is significantly higher in our experiment. This may be explained
by the fact that Williams’ criterion is not too sensitive to a relatively large change in
the interaction parameter.
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Figure 8. Interlaminar fracture envelopes for glass/polyester composite calculated by using compliance
calibration method (a) and the combination of the IBT (mode-I) and DBT (mode-II) methods.

The second block of Table 3 presents the results by Ducept et al. (1999), who
also used MMB specimens manufactured from glass/epoxy composite. This time the
parameters of the criteria are not given. The reason for that is in this case the appli-
cation of the two mentioned criteria does not seem to be reasonable. Overall, the
shape of the envelope is convex.

Hashemi et al. applied the DCB, ELS and the mixed-mode I/II SCB specimens
to determine the failure locus for carbon/PEEK (Hashemi et al., 1990a) and polye-
ther-sulphone fiber (PES) (Hashemi et al., 1990b) composites. In the latter case the
SCB coupon was applied including three different mode ratios by varying the thick-
ness ratio of the specimen arms. The third and fourth blocks in Table 3 present the
results of these experiments. For the carbon/PEEK material the curve of the envelope
is concave, similarity to the results by Ozdil and Carlsson (1999b) may be established.
On the contrary, the curve of the failure criterion is convex for the PES composite.
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It is obvious that the shape of the fracture envelope (concave, convex or linear)
depends on the material applied for testing.

5. Conclusions

In this work the prestressed end-notched flexure specimen was developed for interlami-
nar fracture testing of laminated composite materials. Apart from the traditional DCB
and ENF tests the PENF specimen was used to obtain the mixed-mode I/II energy
release rate at propagation onset including six different mode ratios. To perform the
experiments unidirectional E-glass/polyester specimens were manufactured. The mea-
sured data was reduced using four different approximations: simple (Euler–Bernoulli)
beam theory, improved beam theory, direct beam theory and the compliance calibra-
tion. The simple beam theory was found to be inaccurate for both components of the
SERR, while the CC was expected to be the most accurate reduction scheme, however
due to its difficulties it did not seemed to be the optimal scheme. Based on the results
obtained it was found that the best agreement with the results of the CC method can
be obtained if we use the improved beam theory for the determination of the mode-I
component and the direct beam theory for the calculation of the mode-II component.
Thus a combined IBT-DBT scheme is recommended for data evaluation.

The fracture envelope of the present material was determined using two criteria:
the power criterion and Williams’ criterion. In each case both predicted the same
failure locus. The obtained results were compared to results by other authors using
different configurations. The differences were attributed to the different materials
applied for testing.

The PENF specimen offers several advantages. It requires the simplest specimen
geometry and the simplest experimental equipment (three-point bending setup, steel
rollers). It was shown that the PENF specimen is able to produce any mode ratio at
crack propagation onset and the traditional reduction techniques (CC method, direct
beam theory) can be applied for data evaluation. As a consequence the mode-mixity
can be determined also experimentally. During the test no large displacements and
geometrical nonlinearities were observed. The drawbacks of the PENF specimen are
that the mode ratio changes with the crack length and the applied load, so the
method is recommended mainly for the testing of transparent composite materials.
Finally, the mode ratio can not be calculated without performing experiments, involv-
ing the fact that the mode ratio will depend on the definition of the crack initiation
and the accuracy of the measurement of the load and crack length.

More work is required to reduce the drawbacks of the test and to make it appli-
cable for non-transparent materials.
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