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16. MODELING OF SPATIAL THIN-WALLED SHELLS BY FINITE 
ELEMENT METHOD-BASED SOFTWARE SYSTEMS 

16.1 Simple flat shell elements 
The stiffness matrix of flat shell elements are easily calculated using the stiffness matrices 
of the membrane and plate bending elements. Accordingly, it is possible to derive the dif-
ferent version of flat shell finite elements by combining the available triangle and rectangle 
shape elements [1,2]. The approximation of a curved surface by flat shell elements is 
shown by Fig.16.1. This kind of approximation is another source of error apart from the 
displacement field interpolation. By increasing the number of elements we can decrease 
the geometrical inaccuracies. The application of flat shell elements is justified, when the 
advantage of the higher order elements – namely the larger element size – can not be ex-
ploited. In the sequel we demonstrate the combination of the linear (membrane) triangle 
and the Tocher plate (bending) elements. 

 

Fig.16.1. Triangular shape flat shell element in the global and local coordinate systems. 

16.2 Superposition of the linear triangle and Tocher bending plate elements 
The element mentioned above is not conform because of the discontinuity of displacements 
at the element boundaries [1,2]. However, due to its simplicity we use this combination to 
demonstrate the application of flat shell elements. The linear triangular membrane element 
(see Fig.12.2) has two degrees of freedom at each node, the stiffness matrix in the local 
element coordinate system is: 
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where the submatrices ( m
ijk~ ) correspond to the stiffness matrix components associated with 

nodes i and j. The tilde over the matrix indicates the local coordinate system; the super-
script (m) refers to the membrane action. The finite element equation is: 
 

161666

~~~
×××

=
m
e

m
e

m

e
FuK ,  (16.2) 

where the vector of nodal displacements and concentrated forces of the membrane element 
are: 
 [ ]332211

16

~~~~~~~ vuvuvuu
Tm

e =
×

,  (16.3) 

 [ ]331211
16

~
yxyxyx

Tm
ec FFFFFFF =
×

, 

where u is the displacement in the local x, v is the displacement in the local y direction. In 
the displacement vector we refer to the local parameters by using the tilde. In the force 
vector we identify the local parameters by lowercase x, y and z in the subscript of compo-
nents. A distinction like that was not necessary until now, which can be explained by the 
fact that in all of the previous examples the local and global coordinate systems coincided. 
At each node of the Tocher triangular plate element (see Fig.15.1) there are three degrees 
of freedom; therefore the stiffness matrix has nine rows and nine columns: 
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where the superscript b indicates bending action. In the local coordinate system the dis-
placement and concentrated force vectors of the Tocher triangular plate element are: 
 [ ]333222111

19

~~~~~~~~~~ βαβαβα wwwu
Th

e =
×

, (16.5) 

[ ]333222111
19

~
yxzyxzyxz

Th
ec MMFMMFMMFF =
×

. 

The degrees of freedom of the combined element are shown by Fig.16.2. The membrane 
and bending stiffness matrices have to be combined in accordance with the following ob-
servations [2]: 

a. for small displacement s the membrane and bending stiffnesses are uncoupled 
(independent), 

b. the in-plane rotationψ in the local x-y plane is not necessary for a single 
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element, however, ψ and its conjugate moment Mz have to be considered in the 
analysis by including the appropriate number of zeros to obtain the element 
stiffness matrix for the purpose of assembling several elements or assembling 
the flat shell element with different type of elements. 

 

 

Fig.16.2. Combination of the linear membrane triangle element and the Tocher triangular plate 
bending element. 

The nodal displacement vector of the combined element in the local coordinate system is: 

 
[
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    (16.6) 
The vector of concentrated forces becomes: 
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     (16.7) 
Accordingly, the stiffness matrix is shown below [1,2]: 
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     (16.8) 
The stiffness matrix above is valid in the local coordinate system. We highlight again, that 
the tilde over the matrices and vectors refers to the local system. In the analysis of three-
dimensional structures in which different finite elements have different orientations, it is 
necessary to transform the local stiffness matrices to a common set of global coordinates. 
In the quantities of global coordinate system there is no tilde indicated. The transformation 
of the element stiffness matrix is given by the expression below: 

 λλ
18181818

~
×
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×

+ =
bm

e
Tbm

e KK ,  (16.9) 

whereλ is the transformation matrix with dimension of 18 x 18: 
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and: 

 















=

000
000
000

0 .  (16.11) 

Matrix L contains the unit basis vectors of the local coordinate system, e1, e2 and e3, (see 
Fig.16.1) in the form of column vectors formulated in the global coordinate system: 
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Eventually matrix L contains the direction cosines of the angles between the local and 
global axes. The definition of the direction cosines for an optional A vector based on 
Fig.16.3 is [4]: 
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AAA

A
l

++
== α , (16.13) 
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Fig.16.3. Direction cosines of vector A. 

Since the basis vectors e1, e2 and e3 are unit vectors it is not easy to see, that their compo-
nents are eventually the direction cosines. To construct the structural stiffness matrix the 
local quantities have to be transformed into the global system. The vector of nodal dis-
placement and vector of forces in the global system are: 

 bm
e

Tbm
e uu ++ = ~λ , (16.14) 

 
bm

e
Tbm

e FF
++ = ~λ . 

For shell structures the most common load type is the constant pressure perpendicularly to 
the shell surface, i.e. in direction of the local z axis. It is a reasonable assumption, that there 
is membrane stress state, under these assumptions the force vector is: [2]: 

[ ]000100000100000100
3

~ ebm
ep

ApF =
+

, 

  (16.15) 
where Ae is the triangular area. If the pressure on the shell surface is not constant, but its 
change over the element area is insignificant, then we can still use the vector above, but we 
use the pressure averaged by the nodal loads instead of p: 

 )(
3
1

321 pppp ++= .  (16.16) 

Finally we summarize the finite element equations. In the local x, y, z system the quantities 
indicated by the tilde are used, i.e.: 
 

bm
e

bm
e

bm

e FuK
+++

= ~~~ .  (16.17) 
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Transforming Eq.(16.17) into the global X,Y,Z system by using the transformation matrix, 
we have: 
 bm

e
bm

e
bm

e
FuK +++ = ,  (16.18) 

where the quantities in the global coordinate system are calculated based on Eqs.(16.9) and 
(16.14). For the whole structure the finite element equation is:  
 bmbmbm FUK +++ = ,  (16.19) 
of which solutions are the components of vector Um+b, which are the nodal displacements 
in the global coordinate system. From that we can calculate the global element displace-
ment vectors, ue

m+b, and then we can transform them into the local system by the following 
expression: 
 bm

e
Tbm

e uu +−+ =
1~ λ .  (16.20) 

The transformation matrix is orthogonal, therefore we can write that: Tλλ =−1 and 

ETT =
−
λλ

1
, viz.: 

 bm
e

bm
e uu ++ = λ~ .  (16.21) 

Using the local displacements in the nodes we can calculate the membrane and bending 
stresses. 
A significant advantage of the flat shell elements is a novel software can be easily con-
structed by combining the softwares of the existing membrane and plate elements, which 
can be used for engineering calculations [2,3]. This computation requires only the 
knowledge of matrix L . The accuracy of the results depends on the element size. Higher 
mesh resolution is necessary, where the curvature of the surface is larger, or the change in 
stresses is expected to be more significant. The expected error of the calculation is higher 
in the vicinity of the sides, notches and the connection of different surfaces. Let us solve an 
example to understand the application of the method! 

16.3 Example for the combination of the linear triangle and Tocher triangle ele-
ments 
Solve the shell problem given in Fig.16.4! Calculate the nodal displacements, reactions in 
the local coordinate system, and transform the results into the global coordinate system! 
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Fig.16.4. Flat triangular shell element in the local and global coordinate systems (a), application 
example for the flat shell element (b). 

Given: 
a = 0,8 m, b = 0,5 m, t = 3 mm, E = 200 GPa, ν = 0,3, Fx = 6000 kN, Fy = 8000 kN,   
p = 1200 N/m2 
 
The distances are substituted in [m], the force is interpreted in [N]. The nodal coordinates 
in the local coordinate system are: 
 

node x y z 
1 0 -b/2 0 
2 a 0 0 
3 0 b/2 0 

 
We give the nodal coordinates also in the global coordinate system. We note that the global 
coordinates depend on how the element is built-in the actual structure. 
 

node X [m] Y [m] Z [m] 
1 0,6795 0,57 0,2 
2 0,4 1,225 0,5 
3 0,5004 0,6 0,4 

 
The vectors of nodal displacements and concentrated forces in the local coordinate system 
are: 

[ ]333322222121
118

~~~0~0~~~0~~~~~000~ ψβαψβαψβα vvuu
Tbm

e =
×

+ , 

   (16.22) 

[ ]00000000000~
33111

118
zyxxzyx

Tbm
ec FFFFFFFF =
×

+
. 

The terms in. the force vector related to the distributed load can be calculated based on the 
integral transformation formulae presented in section 15. We can construct the force vector 
of the Tocher triangle from distributed load by formulating the work of the distributed 
load: 
 ep

T
e

A
e FudAyxpwW

pe

~~),( == ∫ .  (16.23) 

Based on Eq.(16.23) and the integral transformation expressions given by Eq.(15.20) we 
have:  
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We note that in the Tocher triangle the distributed load is divided into three parts and put 
into the nodes; however the division is made in unequal degree, as it is seen in the vector 
of forces. On the other hand, by summing the forces in direction z and the moments about x 
and y we obtain: 

 [ ] [ ] [ ] pabpAFFF e
b
ep

b
ep

b
ep 2

1~~~
741

==++ ,  (16.25) 

 [ ] [ ] [ ]
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~~~ 2
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bpaApaFFF e
b
ep

b
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b
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 [ ] [ ] [ ]
2040

~~~ 22

852

pabA
a

pbFFF e
b
ep

b
ep

b
ep −=−=++ , 

which are the resultant forces in direction z and the resultant moments about axes x and y. 
The force vector of the 18 degrees of freedom flat shell element in the local coordinate 
system is: 
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  (16.26) 
The stiffness matrix of the linear (membrane) triangle element based on the calculations of 
section 15 is: 

m
N10

64,6.....
44,148,2....
36,015,172,0...

73,126,1052,2..
28,629,036,073,164,6.
29,022,115,126,144,148,2

~ 8

66

⋅



























−
−

−
−−−
−−−−

=
×

m

e
K ,  

  (16.27) 
where due to symmetry of the matrix only the independent components are indicated. The 
stiffness matrix of the Tocher triangular element in the local coordinate system is: 
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The combination of the membrane and bending stiffness matrices based on Eq.(16.8) lead s 
to: 
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  (16.29) 
The next step is the construction of the finite element equation using Eq.(16.17). The nodal 
displacements are calculated from the 4th, 5th, 7th, 8th, 10th, 11th, 14th, 16th and 17th equations 
of the system of equations. The solutions are: 
 rad00406,0~

1 =α , rad02278,0~
1 −=β , (16.30) 

 m0187,0~
2 =u , m00368,0~

2 =v , rad0948,0~
2 −=α , rad00319,0~

2 =β , 
 m00737,0~

3 =v , rad01833,0~
3 =α , rad01994,0~

3 =β . 
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In the knowledge of the displacements we can determine the reactions utilizing the 1st, 2nd, 
3rd, 9th, 13th, and 15th equations: 
 N30000001 −=xF , N80000001 −=yF , N88,911 =zF , (16.31) 
 N34.742 =zF , N30000003 −=xF , N78,733 =zF . 
We note that the results by Eq.(16.31) are the components of the vector of concentrated 
forces, which is the first term in Eq.(16.26). Moreover the 6th, 12th and 18th component 
equations were not utilized here, which is explained by the fact that these equations are 
associated to the local rotations about axis z, and their values are zero in the local system. 
The total force vector by using Eq.(16.31) and Eq.(16.26) becomes:  
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In the sequel, we transform the results into the global X,Y,Z coordinate system. The global 
position vectors of the nodes based on the global coordinates are: 

 m
5004,0

4,0
6795,0

1
















=R , m

6,0
225,1
57,0

2
















=R , m

4,0
5,0
2,0
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=R . (16.33) 

The position vector of the origin of local coordinate system can be given in the global sys-
tem as: 

 ( ) m
4502,0

45,0
43975,0

2
1

310
















=+= RRR . (16.34) 

We determine the unit basis vectors based on the position vectors in the global system us-
ing Fig.16.4: 
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Similarly, the unit vectors e2 and e3 are 
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Based on the unit basis vectors and Eq.(16.12) matrix L becomes: 

 [ ]1 2 3

0,162825 0,959 0,23197
0,96875 0,2 0,14688  
0,18725 0,2008 0,96159

− − 
 = = − 
 − 

L e e e . (16.37) 

With that it is possible to construct matrixλ with dimension of 18x18. Using Eqs.(16.10), 
(16.22) and (16.30) the nodal displacements in the global coordinate system are: 

 01 =u , 01 =v , 01 =w , (16.38) 
 rad02141,01 −=α , rad00845,01 −=β , rad002405,01 =ψ , 

 m00662,02 =u , m017215,02 −=v , m004883,02 −=w , 
 rad012352,02 −=α , rad091582,02 =β , rad02153,02 =ψ , 
 m0071365,03 =u , m0014733,03 =v , m001082,03 −=w , 
 rad0223,03 =α , rad013587,03 −=β , rad0071797,03 −=ψ . 
It is seen that although in the local coordinate system the rotations about z are zero, in the 
global system as a result of the transformation even rotations about Z exist.  The nodal 
forces are the followings: 
 N82386001 −=XF , N12770001 =YF , N18710001 =ZF , (16.39) 

Nm21,61 −=XM , Nm8259,81 −=YM , Nm6338,01 −=ZM , 
N9769202 =XF , N57540002 −=YF , N13918003 −=ZF , 

Nm8732,02 −=XM , Nm525,122 =YM , Nm7856,22 =ZM , 
N72615003 =XF , N44770003 =YF , N4791003 −=ZF , 

Nm9414,93 =XM , Nm4615,93 −=YM , Nm9118,33 −=ZM . 
Accordingly, in the global system there are bending moments about axis Z, which are in 
fact the projections of the moments about local x and y axes with respect to Z. The solution 
method is applicable also for rectangle shape elements. 
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