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11. INTRODUCTION TO PLANE PROBLEMS SUBJECT. APPLICA-
TION OF PLANE STRESS, PLANE STRAIN AND REVOLUTION
SYMMETRIC (AXISYMMETRIC) MODELS

11.1 Basic types of plane problems

In the case of plane problems we have two-dimensional or two-variable problems;
the basic equations of elasticity can be significantly simplified compared to spatial prob-
lems. There are two major categories of plane problems [1]:

- plane stress — a thin structure with constant thickness under in-plane loading,

(Fig.11.1a),

- plane strain — a long structure with constant cross section under constant loads
along the length (Fig.11.1b).
We note that the generalized plane stress state belongs also to the two-variable problems, if
we relate the mechanical quantities to their average values.

Fig.11.1. Demonstration of plane stress (a) and plane strain (b) states.

For plane problems the displacement vector field is the function of x and y only:

u=u(xy)= [U(X' y)} | (11.1)
v(x,y)
Consequently, even the strain and stress fields depend upon x and y:
e=e(xy), a=0o(xy). (11.2)

In the followings we develop the relationship among the former mechanical quantities.

11.2 Equilibrium equation, displacement and deformation

The equilibrium equation represents the internal equilibrium of a differential plane ele-
ment. Based on Fig.11.2 it is possible to express the equilibrium of the forces in directions
xandy as [1,2]:
(o, +do,)dy —ody + (7, +d7,)dx—dz,)dx+q,dxdy =0,
(11.3)
(o, +do,)dx-o dx+ (7, +dz, )dy—dz, )dy+q,dxdy =0,
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where o is the normal, 7 is the shear stress, dx and gy are the components of density vector
of volume forces. The simplification of Eq.(11.3) leads to the following equations:

or or oo
8GX+ Yo4g, =0, Y4 y+qy=0- (11.4)
OX oy OX oy
yA T0y+d0'y
ryx+d1:yx
A
Qy
Oy dx ox+do, dy
Txy dx Ty Ty
5
— X
Tyx

Fig.11.2. Equilibrium of a differential plane element.

The equilibrium equation can be formulated also in vector form [1,2]:
o-V+q=0, (11.5)

where g = g(x,y) is the density vector of volume forces, V is the Hamiltonian differential
operator (vector operator) in two dimensions:
V=ii+ij. (11.6)

OX~ oy~
In order to establish the relationship between the strain and displacement fields we investi-
gate the displacement and deformation of some points of the differential plane element
depicted in Fig.11.3. The normal and shear strains in direction x of distance AB, and in
direction y of distance AD of the element are:
. - A'B'-AB  A'B'-dx . A'D'-AD _ A'D'-dy

* AB dx Y AD dy

VA
17/yX:E_ﬂ:0+/1.

(11.7)
By the help of the figure we can write the following:

(A'B")? =[dx(L+¢,)]° = (dx+6—udx)2 + (de)z, (11.8)
OX OX

from which we obtain:
2 2
1+2¢& +&’ =1+2a—“+(6—“j +(@j : (11.9)
OX OX OX

The expression above is applicable to calculate the normal strain in direction x in the case
of the so-called large displacement. After all, within the scope of elasticity, in most of the
cases we obtain reasonably accurate results by the linearization of the expression above.
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The normal strain in direction y is derived similarly. Neglecting the higher order terms we
obtain the linearized formulae:

ou ov
&y =&, 8y =5. (1110)
Utilizing Fig.11. 3 we calculate the angle denoted by &:
_ (ov/ox)dx (11.11)
dx + (6u / &x)dx '
A au
’ 6_ygy < C’
DI
A
oV .1
7l RN
B ay
' [D c , 15 Tov
A A A de
dy Jo
v @dx
}{ A B A < dX g ax
< X »re dx >
y < u »

A 4

X:
Fig.11.3. Displacement and deformation of a differential plane element.

Assuming that there are only small angles, we can write:
ov ou

0=—, 1=—. (11.12)
OX oy
Based on Eq.(11.7) we obtain:
yy =M (11.13)
oy OX

We obtain the so-called strain-displacement equation by summarizing Egs.(11.10) and
(11.13) in tensorial form. The strain-displacement equation is valid also for spatial prob-
lems [1,2]:

ﬁz%(goVJrVog), (11.14)
where the circle means dyadic product.
11.3 Constitutive equations

The material behavior, in other words the stress-strain relationship of a homogeneous, line-
ar elastic, isotropic body is given by Hooke’s law [3]:
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gzi o — Y o, E|,0=2G| ¢+
= 2G|= 1l+v =| = =1

where vis Poisson’s ratio, E is the modulus of elasticity, G = E/(2(1+)) is the shear mod-
ulus, E is the identity tensor, oy and & are the first scalar invariants, respectively.

Y e E] (11.15)
v =

11.3.1 Plane stress state
The stress components under plane stress state are:

0, =0,(xY), 0, =0, (xY), 7, =7, (xY) and 7, =7,, =, =0,

z

(11.16)
i.e. the normal stress perpendicular to the x-y plane and the shear stresses acting on the
plane with outward normal in direction z are zero. The stress and strain tensors have the
following forms:

o, Ty O &, 1/2-y, O
o=|7, o, 0, e=1/2-y, o, 0. (1117
0O 0 O 0 0 g,
From the first of Eq.(11.15) we obtain:
1+v 1% 1
&, =——0 - + =— -vo,), 11.18
o o) |- te e, @1
1+v 1% 2(1+v)
£y=?{ y—F(GX+Gy):| —(Gy—VGX v Yy = = " -
The normal strain in direction z is:
1+v 1% 1% 1%
&, =—| ——— + =—— + =——(¢, +¢,).
P [ 2, ay)} Lot o) = e+

(11.19)
We note, that although &, is not included in the equations, it can always be calculated by
using the strains in the other two directions. Using the former equations we can express
even the stresses:

E E
o, = - [gx +vgy)], o, :m[gy +V6‘X)],Txy =

E
— ... (11.20
2(L+v) V- ( )

An alternative formulation of the stress-strain relationship is that we collect the compo-
nents in vectors:

£ =lee, 7] o =lono,7,] (11.21)
As a result, the relationship is established through a matrix:
c=Ce¢. (11.22)

where C is the constitutive matrix. On the base of Egs.(11.20)-(11.22) under plane stress
state matrix C becomes:

. 1 v 0
c™ = v 1 0 | (11.23)
= 1-v? 00 1-v
2

The inverse and the determinant of the matrix is:
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1 -v 0

3
ct==|-v 1 0 |.detC™ = E1 _.
0 0 201+v) A=1)i+v)

(11.24)
The latter form of the stress-strain relationship is applied in finite element calculations.

11.3.2 Plane strain state
Under plane strain state the condition is: & = 0, i.e. the normal strain perpendicular to the
x-y plane is zero. In this case the stress and strain tensors are:

oy Ty O &, /2.y, O
o=|r, o, 0|, &=12-y, &, 0]. (11.25)
0 0 o 0 0 0
According to Hooke’s law we obtain:
O'ZE‘:8+V(8+8):|O'=E|:8+V(8+8)}
SR REVE R B VL 0 R V) I VL A
(11.26)
E
ey O,
Developing the stress-strain relationship from o = C& we get:
1-v v 0
c™ = E 1-v 0 |, (11.27)
= (@+v)l-2v) o 1%
2
and:
1 -2 0
2 1_V 3
(S il B | 0 |, detC™ = E _.
= E -v = 201-2v)1+v)
0 0 2
L 1-v]

(11.28)

11.4 Basic equations of plane elasticity

The number of unknowns in case of plane problems is always eight: ox, oy, %y, &, &, %y, U
and v. Under plane stress &, under plane strain o; component can always be calculated by
the help of the components in directions x and y.

11.4.1 Compatibility equation
The combination of Egs.(11.10) and (11.13) leads to the so-called compatibility equation
[1,2]:
o%e, 828y 827yx
+ = :
oy>  ox*  oxoy

(11.29)
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The equation above is equally true for plane stress and plane strain states. It is possible to
formulate the compatibility equation in terms of stresses. Let us express Eq.(11.29) in

terms of stresses for plane stress state by utilizing Eq.(11.19):
1(o%, 0°c, 0°c, d%c,| 10°c,
— -V + -V =— .
E| oy? oy>  ox® ox® G oxoy

We express the mixed derivative of the shear stress from Eq.(11.4):
0? 0 2 0?
Oy ——E[qu $ 8 oy + Gyj. (11.31)

(11.30)

ooy 2l ex oy oxE oy?

The combination of the two former equations results in:

0
Vi(o,+o,)=—@+v) Do Dy (11.32)
ox oy
where:
o> 0°
Vies—+—. (11.33)
oX® oy
In a similar way we can develop the following equation for plane strain state:
0
Vi(o,+0,) =D, Dy ) (11.34)
1-v{ ox oy

It can be seen, that if there is no volume force, then the compatibility equation has the
same form under plane stress as that under plane strain. In that case, when the force field is
conservative, then a potential function, U exists, of which gradient gives the components of
the density vector of volume force, i.e.:

(11.35)

11.4.2 Airy’s stress function

The equilibrium and the compatibility equations can be reduced to one equation by intro-
ducing the Airy’s stress function. Let y = y(x,y) be the Airy’s stress function, which is de-
fined in the following way [1,2]:

2 2 2

0% o, 4u=0% ; - OZ (113
oy OX oxoy
Taking them back into the equilibrium equations given by Eq.(11.4), it is seen that the
equations are identically satisfied. The stress function can be derived for every stress field,
which satisfies the equilibrium equations and the body force field is conservative. In terms
of the stresses the compatibility equation given by Eq.(11.34) becomes:

Viy=01-v)VU, (11.37)

o, +U =

where:

o o o
4 + 2 2 2 + 4

OX ox-oy® oy

is called the biharmonic operator. Eq.(11.37) is the governing field equation for plane

stress problems in which the body forces are conservative. If a function y = y(x,y) is found

such that it satisfies Eq.(11.37) and the proper prescribed boundary conditions, then it rep-
resents the solution of the problem. The corresponding stresses and strains may be deter-

VvV =V?(V?) = (11.38)
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mined from Egs.(11.36) and (11.19), respectively. If the body forces are constant, or if U is
a harmonic function, then the governing equation is:

Viy=0, (11.39)
which is a partial differential equation called biharmonic equation.

11.4.3 Navier’s equation

Now let us formulate the governing equations in terms of displacement field for plane
stress state! The combination of Egs.(11.10), (11.13) and (11.19) provides the followings
[1,2]:

ou 1 o 1 ou ov 1
—=—(o,-vo,), —=—(o,-Vvo,), —+—==7,.
E oy oy ox G

OX E" Y
(11.40)
After a simple rearrangement we obtain:

E |ou ov E |ov ou E ou ov
o, = —+v—|,0,= —tV— Ty = o+t
1-v?|ox oy] 7 1-viley ox| Y 2@+v)|oy ox

(11.41)
Substitution of the above stresses into the equilibrium equation given by Eq.(11.4) gives
the Navier’s equation:

v+ OfM N +q, =0, (11.42)
2(l-v) ox\ ox oy
GV 4o Ofu v +q,=0.
20-v)oy\ ox oy
We can develop Navier’s equation for plane strain state in a similar way, the result is:
GV%u + E Ofu, v +q, =0, (11.43)
2(l+v)Q—-2v) ox\ ox oy
GV + E ofou, v +q, =0.
2L+v)A-2v) oy ox oy

Under plane stress state the first scalar invariant of the stress tensor is:
o, =0,+0,=V’y. (11.44)

11.4.4 Boundary value problems

It can be shown that for plates under symmetrically distributed external forces with respect
to the plane z = 0, the exact solution satisfying all of the equilibrium and compatibility
equations is [2]:

I:Zo_zm(vzlo)zzv (11.45)
where:
o =2(XY), (11.46)
which satisfies
Vi, =0. (11.47)

The second term in Eq.(11.45), however, depends on z and may be neglected for thin
plates, in which case we have:
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Viy=Viy, =0. (11.48)
That is, for thin plates, solutions by Eq.(11.48) very closely approximate the stress distri-
butions by Eq.(11.45).
Let us summarize what kind of requirements should be met of plane stress state! The actual
elastic body must be a thin plate, the two z surfaces of the plate must be free from load, the
external forces can have only x and y components, the external forces should be distributed
symmetrically with respect to the x and y axes.
The governing equation system of plane problems is a system of partial differential equa-
tions (equilibrium equation, strain-displacement equation and material law) with corre-
sponding boundary conditions. The dynamic boundary condition is the relationship be-
tween the stress tensor and the vector of external load at certain points of the lateral bound-
ary curve:

on=p, (11.49)

where p is traction vector of the corresponding boundary surface, n is the outward normal
of the boundary surface or the outward normal of a certain part of it, which is parallel to
the x-y plane. The kinematic boundary condition represents the imposed displacement of a
point (or certain points):

H(Xo’ yo) =Uy, (11-50)
where u, is the imposed displacements vector, X, and yo are the coordinates of the actual
point. The system of governing partial differential equations together with relevant dynam-
ic and kinematic boundary conditions built a boundary value problem.
We note that closed form solutions of the governing partial differential equations of plane
problems with prescribed boundary conditions which occur in elasticity problems are very
difficult to obtain directly, and they are frequently impossible to achieve. Because of this
fact the inverse and semi-inverse methods may be attempted in the solution of certain prob-
lems [1]. In the inverse method we select a specific solution which satisfies the governing
equations, and then search for the boundary conditions which can be satisfied by this solu-
tion, i.e., we have the solution first and then ask what problem it can solve. In the semi-
inverse method, we assume a partial solution to a given problem. A partial solution con-
sists of an assumed form for each dependent variable in terms of known and unknown
functions. The assumed partial solution is then substituted into the original set of governing
equations. As a result, these equations will be reduced to a set of simplified differential
equations, which govern the remaining unknown functions. This simplified set of equa-
tions, together with proper boundary conditions, is then solved by direct methods.

11.5 Examples for plane stress

11.5.1 Determination of the traction on the boundaries of a square shape plate

For the square shape plate shown in Fig.11.4 we know the Airy’s stress function in the x-y
coordinate system [3]:

pO 1 2.,2 1 4}
X, y)=—-| =X —— ) 11.51
2(4Y) az(z v -2y (1151)

where po is the intensity of the distributed line load. The body force is negligible; we as-
sume that the plate is in plane stress state.
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A

y a

<

X
Fig.11.4. Square shape plate under plane stress.

What kind of system of forces loads the boundary curves of the plate?

First, we produce the stress field:

_ po O’x P 2
o -2 , O, = =—Vy°, 11.52
ey >(x*-2y?%), o, oz’ ( )
’r P
Py = T T T okay :_a_gzxy"’z =

The traction vectors can be calculated by the help of the definition of dynamic boundary
condition and the localization of it into the boundary curves. Therefore, we need the out-
ward normal of each boundary curve:

outward
boundary constant
. normal
curve coordinate
()
1 x=0 -i
2 X =a i
3 y =0 -i
4 y=a i

Furthermore, we need Egs.(11.49) and (11.52). We obtain the traction vectors by applying
the former equations:

P
c,0,y) 7,0,y) 0[-1] [-0,(0Y) a—SZy2
Elz_gi: Txy(ov y) (Ty(o, y) O 0 = 0 = O ,
0 0 0| O 0 0
)
pO 2 2
—(@ -2
o@y) r,@y 0f1] [o(ay)] |2a° ( ) y7)
p,=gi=|7,(@y) o,ay) 0)0|=7,(ay)|= _?OZy ,
0 o oo 0 !
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o, (x0) 7,(x0) 0] 0 -7,(x,0)] [0
p,=-cj=|7,(x0) o,(x0) 0]-1/=|-0,(x0)|=|0],
0 0 0| O 0 0
Po
o,(x,a) 7,(x,a) 0]0] [z,(xa) —?2X
p,=ai=|7,(x8) o,(xa) 0|1|=|o,(xa)|=| P
0 0 00 0 0

The system of forces acting on the boundary curves can be obtained by plotting the com-
ponents of the vectors above along the corresponding boundary curve. Fig.11.5 demon-
strates the function plots, where Fig.11.5a depicts the loads in the normal direction (per-

pendicularly to the boundary curve), Fig.11.5b represents the tangential (with respect to the
boundary curve) stress distributions.

AAAAAI) Ajﬂﬂﬂﬂ @ 2p
0

©@
©

»
> p—

Po X Po X

Fig.11.5. Normal (a) and tangential (b) loads on the boundary curves of a square plate under
plane stress state.

11.5.2 Analysis of a tangentially loaded plate

For the plate shown in Fig.11.6 with dimensions of 2h-L the body force is negligible, we
can assume plane stress state. The form of the Airy’s stress function for the load shown in
Fig. 11.6is [3]:

P, xy? xy®  Ly? Ly’
X, V) =—| xy— — + + . 11.54
x(X,y) 4( y TRt T T ( )
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L.

A

Py

— e e e e

ORI <

L

Fig.11.6. Thin plate loaded by tangentially distributed force under plane stress state.

Is the given y(x,y) function an exact solution of the problem above?

A function, x(x,y) is the exact solution of the problem if it satisfies the governing partial
differential equation of plane problems and the dynamic boundary conditions. Based on the
given x(x,y) function it is seen that Eq.(11.39) is satisfied in this case, since the governing
equation is a fourth order partial differential equation, while the functions contains to a
maximum the third power of y. Let us investigate the dynamic boundary conditions! Simi-
larly to the former example we calculate the stress field first:

2 _ _ 2
_0x 1 (L-x 3L X)y)gy:%:o, (11.55)

Ty T2 ‘( h h?
2 2

z'xy:Tyx:_(a;(:_lpt 1_&_3)/2 ,0,=0.
oxoy 4 h h

Based on the stresses, the loads on the boundary curves are:

2
x=L: 0, =0,7,, =—% p{l—z—hyﬁhy2 j (11.56)

y=h: o, =0, T, = Py,

y =-h: 0y=0, 7, =0.
Finally, independently of Eq.(11.56) we formulate the dynamic boundary conditions by the
help of Fig. 11.6. In accordance with the dynamic boundary condition definition the stress
components acting on the actual boundary curve should be equal to the corresponding

(normal or tangential) components of the traction vector. That means:
x=L o,=0,7,=0, (11.57)
y=h:o,=0,7, =p,
y=-h:o,=0,7,,=0.
Comparing the boundary conditions to the boundary loads it is seen, that one condition is
not satisfied, namely the shear stress, 7, on the boundary at x = L is not zero, i.e. one of the
conditions is violated. Nevertheless, there are two points, where in accordance with the
formula:
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1 2y 3y’ 2y 3y’ 2 2
4pt(l . hZJ 0= — 0=3y°+2yh-h° =0,
(11.58)
with solutions of y; = 1/3-h and y, = —h, i.e. at two points the dynamic boundary condition
is satisfied. As a final word, the given y(x,y) function is not the exact solution of the prob-
lem in Fig.11.6, because one of the dynamic boundary conditions is violated. After all, it is
acceptable, since together with Eq.(11.39) the given function satisfies eight from the total
ten conditions. It should be highlighted, that the boundary at x = 0 is a fixed boundary,
which involves kinematic boundary condition, that is why we did not investigated this
boundary curve in the example.

11.6 The governing equation of plane problems using polar coordinates

The solutions of many elasticity problems are conveniently formulated in terms of cylin-
drical coordinates. On the base of Fig.11.7 we have the functional relations [1]:

X=rcos4,y=rsing, (11.59)
g=arctan Y, r? =x? + y2.
X
tangential
A direction
Y le X N )
A 7 radial
direction
A
r
y
3
AR
X

Fig.11.7. Parameters of a polar coordinate system.

The derivatives of the polar coordinates with respect to x and y using the last of Eq.(11.59)
are:

ox r oy r
o8 _y _ singd 99 _ x _cosd
X r? r ey r* r
Again, the derivatives with respect to x and y can be formulated based on the chain rule:

i:gi+%i:cos$£—ﬂi, (11.61)
OX oOxor oOx 09 or r o9

0 oro 080 . -0 Ccos$ 0
—=——+——=5INg—+——

oy oyor oy odd or r o9
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To derive the governing equations in terms of polar coordinates we incorporate the stress
transformation expressions [1]. The normal and shear stresses are transformed to a coordi-
nate system given by rotation about axis z by an angle %
o,=n"on, r,, =m' on, (11.62)
where:
T . T .
n' =[cosd sind 0], m' =[-sind cosd 0], (11.63)
which leads to:
o, =0,C08° 3+0,sin° 9+1,,sin29, (11.64)
o, =0,sin* 3+0,cos* 9—7,,sin 29,
7 = (0, —0,)singcos$+r,(cos* —sin’ J),

The strain components (s, &, y%y) can be transformed similarly. Taking Eq.(11.64) back
into the equilibrium equations given by Eq.(11.4), moreover by assuming that there are
also body forces, we have [1,2]:
oo, 10r,, o,-0,
+= + +
o r 08 r
100, N 07,q N 27,4
r og or
where the former is the equation in the radial, the latter is the equation in the tangential

direction. By a similar technique, the strain-displacement equations may be transformed
into:

g, =0, (11.65)

+0, =0,

LI Ny 1

T Ty Y es " T ae o
where u; and ug are the radial and tangential displacements. Eliminating the displacement
components we obtain the compatibility equation:

0? 2 0 0? 0

‘929 +i28 gzr +E €y _lagr =1 Vrs +i2 Vro . (1167)

or r- o4 ror ror rorog r° 08
In the case of Hooke’s law there is no need to perform the transformation, due to the fact
that the polar coordinate system is an orthogonal system. Therefore, e.g. in Eq.(11.20) re-
ferring to plane stress state, we have to substitute x by r, and y by %

r U +l6u9 _Lau, +au—9—u—‘9, (11.66)
r

&, :%(Gr —Vo,), &g :%(09 —VO.), Vg = 2(1;1/) Trg:
(11.68)
o, = - [er +vgg)],69 =$[6“9 +v5r)],r,9 =ﬁ7r3.
The formulation incorporating plane strain state based on Eq.(11.26) leads to:
2 2
&, :l EV (o, _1l/v09)’89 :1?1/(0'9 _ﬁo}): Ve = Z(lI;_V) Trg
(11.69)
o =i[8 Y (¢, +¢ )} o =i[8 +L(5 +& )}
SV R B VA R O ) R R ]
_E
Fro = 2(1+v) Fro:
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The first scalar invariant of the strain tensor (plane dilatation) under plane strain state is:
£ =€ +&, =16(rur)+18u3 : (11.70)
r or r o9
Substituting the stress and strain components into the equilibrium equation given by
Eq.(11.65) (plane strain) and incorporating the first scalar invariant we obtain the Navier’s
equation in terms of polar coordinates [1,2]:

oe, 2G ow
A+26) L -_==—""4q =0, 11.71
( ) ot og O ( )
1o0¢ ow
A+2G) =L +2G6—+q, =0,
( )r 09 ar s
where
w:i M_% (11.72)
2r or 094
is the rotation about axis z, A is the Lamé-constant:
e (11.73)

TS
The governing equation of plane problems in terms of polar coordinates can be formulated
by using the Hamilton operator. Based on Egs.(11.48) and (11.61) we get:
1o 1 ](i+1i+i o J%
or> ror r?o9* \or* ror r?o9?
(11.74)

The stresses may be obtained by using the differential quotients given by Eq.(11.61) and
the transformation expressions given by Eq.(11.64):

_lop 1oy 0% 5(35_75

V4;(=V2V2;(=(

o, = ,Oq = y Trg = —— . (11.75
"ror r2o092 % o’ o raﬁj (11.75)

The last three formulae are equally valid under plane stress and plane strain states. The
equilibrium equations, strain-displacement relationship can also be formulated by using
infinitesimal elements in polar coordinate system [1].

11.7  Axisymmetric plane problems

The use of polar coordinates is particularly convenient in the solution of revolution sym-
metric or in other words axisymmetric problems. In this case displacement field, stresses
are independent of the angle coordinate (), consequently the derivates with respect to 9
vanish everywhere. In accordance with Eq.(11.74) the governing equation of plane prob-

lems becomes:
4 3 2
[d +2 o _1d +iij;(:0. (11.76)

dr* rdr® rZdr? ridr
By introducing a new independent variable, &, this equation can be reduced to a differential
equation with constant coefficients:

r=ec. (11.77)
As aresult, Eq.(11.76) becomes:
d* d® d?
( ;= 4—+4 2];(=0, (11.78)
dg® dg&t dS
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for which the general solution is:

7 =A&% +Be®* +C&+D. (11.79)
Taking back e® we have:
y=Ar’Inr+Br’+Cinr+D, (11.80)
where A, B, C and D are constants. The stresses based on Eq.(11.75) are:
1oy Oy

o. = ,Og=—5,7T,4=0. 11.81
' r or Y 6I"2 ? ( )
| aking the solution function back we see that:

o, =2Alnr+%+ A+2B, o, =2AInr—%+3A+ZB,rr9 =0.
r r
(11.82)

11.7.1 Solid circular cylinder and thick-walled tube
Let us see some examples for the application of the equations and formulae above [1]! For
a solid circular cylinder the stresses at r = 0 can not be infinitely high, therefore:

A=C=0. (11.83)
The stresses in a solid circular cylinder are:
o,=0,=2B,7,,=0. (11.84)

This is the solution of a circular cylinder loaded by external pressure with magnitude of 2B
on the outer surface. In the case of a hollow circular cylinder or a thick-walled tube
(Fig.11.8a) it is not sufficient to investigate only the dynamic boundary conditions, we
need to impose also kinematic boundary conditions.

Fig.11.8. Hollow circular cylinder with imposed displacement at the inner boundary (a), thick-
walled rotating disk (b).

The strain components by using Eq.(11.66) become:

r=O:]|ilrf,gg=“7f,ym,:o. (11.85)

Using the stress-strain relationship given by Eq.(11.68) we obtain the equations below:

&
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dd“f —K (o, -K,0,) 2 =K, (o, - K,5.),  (11.86)
r r
where:
1 1%
K== K,=—, 11.87
=2 K= (11.87)
for plane stress, and
4,2
K, leV, K,=v, (11.88)
for plane strain. Next, we express the strain components:
du, C C
o Kl(2AInr+r—2+ A+2B- K2(2Alnr—r—2+3A+ 2B)),
(11.89)
u

L= K1(2Alnr—%+3A+ZB— K2(2Alnr+£2+ A+2B)).
r r r
Integrating the former equation we get:

u, = K1(2Arlnr—Ar+ZBr—E—K2(2Arlnr+Ar+ZBr+E)+H),
r r

(11.90)
where H is an integration constant. Dividing the formulae above by r and equating it to the
second of Eq.(11.89) gives the following:
4Ar—H =0. (11.91)
Since the equation must be satisfied for all values of r in the region, we must consider the
trivial solution:
A=H=0. (11.92)
The remaining constants, B and C, are to be determined from the boundary conditions im-
posed on the inner and outer boundary surfaces. Therefore, the general solution is:

u,(r) = K, (2Br(1— Kz)—%(1+ K,)). (11.93)

The problem of hollow circular cylinder can also be solved by Navier’s equation. If the

displacement field is independent of coordinate 4, then » = 0, i.e. from Egs.(11.70)-

(11.71) we obtain:

d’u, 1du, u

Ly——L——L=0, 11.94
dr> r dr r? ( )

for which the general solution is:

u. (r)=cr+ C—Z. (11.95)
r

It is seen that it is mathematically identical to (11.93). For a circular cylinder with fixed
outer surface and with internal pressure the kinematic boundary conditions are:

u,(r,) =up, u,(r,)=0. (11.96)
Based on the solution function the constants are:
Iy - rb rk2
C, = u,, C, = u,, 11.97
1 rb2 . rkz 0 2 rbz _ rkg 0 ( )

and the solution is:
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2
_fe

r.buo
u. (r)= r
()= 20

The strain components are to be determined by Eq.(11.85), the stresses by Eq.(11.68).
11.7.2 Rotating disks
If the thickness of the circular cylinder is small, then it is said to be a disk (Fig.11.8b). If
the disk rotates, then there is a body force in the reference coordinate system. The equilib-
rium equation in the radial direction (see Eq.(11.65)) becomes [2]:

do, o, -0,

+

dr r
where o is the angular velocity of the disk, p is the density of the disk material. Rearrang-
ing the equation we obtain:
%(rar)—ag +pr’w® =0. (11.100)
This equation can be satisfied by introducing the stress function, F, in accordance with the
following:

(11.98)

+q, =0 and q, = pro?, (11.99)

ro,=F, o, :c(;—lj+pr2a)2. (11.101)

The strain components have already been derived for a hollow circular cylinder, eliminat-
ing u, from Eq.(11.85) we obtain:

gg—g,+r%9=o. (11.102)
Assuming plane stress state and utilizing Eq.(11.68) we have:
1 1(F dF
&, =E(O'r—VO'l9):E(T—V(E+pr2(02 j, (11103)
1(dF 2 2
Eg (o4 —vo, E(dr v r}
Taking it back into Eq.(11.101) yields the following:
2
r20| |2:+rd—F—F+(3+V)pr3a)2 =0, (11.104)
dr dr

I.e. we have a second order differential equation for the stress function, which involves the
following solution:

1 3+v 31?2

F=Ar+B-- (11.105)

The stress components based on Eq.(11.101) are:
o ()= A+B= 3 x202 o (1) = A- Biz—1+83vpr2m2,
r r (11.106)

where A and B are integration constants, which can be determined by the boundary condi-
tions. To calculate the displacement field we incorporate Eq.(11.85), from which we have:

2
du, _ A(1—1/) B A+v) 3A-v)
dr E Er? 8E

and the integration of it yields:

prio®, (11.107)
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u,(r):A(l_EV)r—B(“V)—(1_V2)pr3a>2 (11.108)

Er 8E
The basic equations of the rotating disk are then:
o.(r)= A+B = +Cr?, (11.109)
r
1

ol(r)=A- Br—2+C2r2,

ur(r):ar—bl+cr3,
r

where:
C, = _3;V pa*,C, = _1+83V @’ (11.110)
_ _ 2
a=Al=Y p_p (“EV) C= —(18—;;),0602. (11.111)

Let us solve an example using the equations above! The elastic disk shown in Fig.11.9 is
fixed to the shaft with an overlap of 5[3].

Ar.

rigid s?aft

: | Cle
S

Fig.11.9. Rotating disk on a rigid shaft.

\/

Given:
r,=0,02m, r,=0,2m, h=0,04 m, § =0,02-10° m, p = 7800 kg/m°, E = 200 GPa,
v=0,3.

a. How large can be the maximum angular velocity if we want the disk not to get
loose?

b. Calculate the contact pressure between the shaft and disk, when the structure does
not rotate!

For point a. first we formulate the boundary conditions. A kinematic boundary condition
is, that he radial displacement on the inner surface of the disk must be equal to the value of
overlap:

ur(rb)=§:>arb—bri+cr§=5. (11.112)

b
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The outer surface of the disk is free to load, therefore in accordance with the dynamic
boundary condition, the radial stress perpendicular to the outer surface is zero:

.(r)=0= A+B L +C,r? =0. (11.113)
r-k
If the disk gets loose, then a free surface is created, that is why the radial stress should be
equal to zero, i.e.:

o,(r)=0= A+ Bi2+Clrb2 =0. (11.114)
I’b
The system of equations contains three unknowns: A, B and , since a and b are not inde-
pendent of A and B. We now subtract Eq.(11.113) from Eq.(11.114) and we obtain:

B(i 1 j+ Cl(rkz - rbz) =0=>B= Clrbzrk2 ' (11.115)

o
The back substitution into Eq.(11.114) gives:
A=-C, (r7+r?), (11.116)

consequently:

a- —%Cl(nf vy, b= e (11117

Taking the constants back into the kinematic boundary condition equation yields:
@-v) @+v) 1 @A-v?)
- C,(r7 +rd)r, — = C,rr? © e pO°ri=5.

11.118
Incorporating the constant Cy, and rearranging the resulting equati(on the r)naximum angular
velocity becomes:
@ =28805rad/s=a,,,. (11.119)
In terms of the angular velocity the constants can be determined:
A=1,008-10° Pa, B=-39915 N, C, =-2,495-10° N/m*,
(11.120)
C,=-1436-10° N/m*, a=353-10", b=2,59-10" m?, ¢ =-3,439-10° 1/m?.
For point b. we find out that if the disk does not rotate then @ = 0 and thisway: C; =C,=c¢
= 0. Under these circumstances the radial displacement on the inner surface must be equal
to the value of overlap:

ur(rb)=5:>arb—bri+cr§:§. (11.121)
The outer surface of the disk is still free to kioad, le.
o (r)=0= A+ Ezri2+(:lrk2 =0. (11.122)
The solution is: k
A=1530-10° Pa,B =-612089 N, (11.123)

a=5356-10"°,b=3978-10" m?.
The distribution of the radial and tangential stresses under two different conditions are
demonstrated in Fig.11.10.
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Fig.11.10. Distribution of the radial and tangential stresses in the disk structure when the structure
rotates (a) and when there is no rotation (b).
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