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Identification of cutting force characteristics based on chatter experiments
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1. Introduction

Cutting force characteristics have important role in many
aspects and especially in identifying chatter free cutting condi-
tions. The prediction of cutting forces as a function of chip load,
width of cut, speed and tool geometry is most accurately carried
out by identifying cutting force coefficients from extensive, chatter
free cutting tests. However, the cutting force identification tests
are affected by the variations of material microstructures at
different batches, dependency on cutting speeds and chip size. Due
to uncertainties in the material behaviour, continuum mechanics
modelling of chip formation [1,2] does not substitute the cutting
experiments. Sample cutting force dependencies on chip thickness
obtained from experiments and modelling approaches published
in the literature are given in Fig. 1a and b to illustrate the
nonlinearities in the force models.

This paper presents the connection of the nonlinear cutting
force models and the dynamics of regenerative cutting. The
qualitative and quantitative description of the unsafe zone is
presented for the orthogonal cutting model where regenerative
chatter may occur. It is shown that the constant width of the unsafe
zone corresponds to the classical power law used in cutting force
characteristics, while the existence of an inflexion in cutting force
characteristics leads to a global maximum of the width of the
unsafe zone as a function of the chip thickness.

A measurement method is introduced to identify the char-
acteristic dependence of the width of the unsafe zone on chip

2. Unsafe zone of stationary cutting with respect to chatte

The cutting process is called unstable if the relative vibrati
between the tool and the workpiece increase for any sm
perturbations (like non-homogeneous workpiece material) lead
to regenerative chatter; it is called stable if they disapp
exponentially for small perturbations, and it is globally stab
this is the case for any large perturbations (like a hole in
workpiece material). There also exist cases when the vibrati
disappear for small perturbations but they increase for la
perturbations (see [3]). The idea of the so-called unsafe param
zone refers to these cutting parameters (usually for chip width w

depth of cut ap, see Fig. 2). The large-amplitude regenera
oscillations can be periodic, quasi-periodic (see [8]) or even cha
(see [9,10]). In dynamic systems theory, these parameter zones
also called regions of bi-stability referring to the fact that
dynamic system has two stable solutions, the ‘desired’ station
cutting and the ‘undesired’ chatter that leaves poor cut sur
behind.

The two dynamically stable motions are separated by
unstable periodic motion, the existence of which was alre
recognized by Tobias in 1984 and referred to as ‘finite amplit
instability’ [3]. The unsafe zone is just that cutting param
domain where this unstable periodic motion – ‘‘ghost vibrati
– exists (see UZ in Fig. 2b). Although the experime
identification of this unstable periodic motion is practic
impossible, the unsafe parameter zone can be detec
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Cutting force coefficients exhibit strong nonlinearity as a function of chip loads, cutting speeds

material imperfections. This paper presents the connection between the sensitivity of the dynamic
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measurement data.
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experimentally where hysteresis is observed during the appe
ance/disappearance of chatter for increasing/decreasing c
width (trace blue path in Fig. 2b), or analytically by means of
parabola estimation calculated from the Hopf bifurcation (
thin black line in Fig. 2b).

The analytical estimation of the unsafe zone was derived in [
for orthogonal cutting. The nonlinear equation of motion of
single degree-of-freedom (DoF) mechanical model of regenera
f cutting force characteristics based on chatter experiments. CIRP
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hine tool vibrations can be simplified to the form

zvnẋþv2
nx ¼ w

m
KðhÞðDxþ h2ðhÞDx2 þ h3ðhÞDx3Þ; (1)

re x is the direction of the most flexible vibration mode, Dx is the
al chip thickness variation originated in the regenerative effect,
is, it is the difference of the previous and the present cut. The

amped angular natural frequency is vn, while z is the modal
ping ratio, m is the modal mass and w is the chip width. The
ific cutting force function is f(h) = F(h)/w, and its derivative is the
alled cutting coefficient K(h) = f 0 (h). The nonlinear coefficients
also be evaluated from the higher derivatives of the specific
ing force as:

Þ ¼ f 00ðhÞ
2 f 0ðhÞ

1

m

� �
and h3ðhÞ ¼

f 000ðhÞ
6 f 0ðhÞ

1

m2

� �
: (2)

relative size of the unsafe zone (UZ) between the points HB and
defined with the ratio (see Fig. 2b for ap �w)

¼
wB3 �wHB

wHB
: (3)

lengthy algebraic derivation in [11] leads to

hÞ ¼ h2

4

d1ðvCÞ
d2ðvCÞ

h2
2ðhÞ þ 3h3ðhÞ

� �
ffi 3

4
h2h3ðhÞ; (4)

re vC denotes the chatter frequency. However, the effect of vC

he size of the unsafe zone is negligible for realistic machine tool
cutting parameters with the exemption of low cutting speeds
re process damping becomes relevant [14,15], or at low chip
s [2]. In other words, the size of the unsafe zone depends
tly on the cubic power of the chip thickness variation in (1),
it is roughly constant all along the lobes whatever vibration
tter) frequency vC occurs in the system.

The real size of the unsafe zone is Dw(h)wHB, where wHB is the
critical chip width at the regenerative loss of cutting stability that
is calculated from standard linear theory [12,13].

Substituting (2) into (4), the following second order non-
autonomous differential equation is obtained for the cutting
coefficient K = f 0 as function of the chip thickness h:

K 00ðhÞ � 8
DwðhÞ

h2
KðhÞ ¼ 0; (5)

The corresponding boundary conditions will be discussed later.

3. Cutting force reconstruction

The idea of reconstructing the specific cutting force character-
istics f(h) is based on measuring the relative width Dw of the
unsafe zone for different chip thickness values h. This can be done
by means of the identification of the hysteresis loop with respect to
the slow chip width variation along the blue path in Fig. 2b. The
substitution of the experimentally identified function Dw(h) into
the differential equation (5) will lead to the determination of the
cutting coefficient function K(h); its integral gives the specific
cutting force function f(h).

For small chip thickness values, experiments often show that
the hysteresis loop between HB and B3 in Fig. 2b is independent of
the chip thickness h, that is, Dw(h) = D0. Then (5) simplifies to an
Eulerian-type differential equation with solution

KðhÞ ¼ B1ha1 þ B2ha2 ; a1;2 ¼
1

2
ð1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 32D0

p
Þ;

and the specific cutting force characteristics has the form:
f(h) = C1h

a1+1
+ C2h

a2+1
+ C3. If we assume a typical value D0 = 5/

128 � 3.9% for the relative unsafe zone with small chip thickness
values [16], then we have a1 = �1/4 and a2 = 5/4. The boundary
condition f(0) = 0 leads to C3 = 0, while the other ‘boundary
condition’ that the cutting force has a softening characteristics
leads to C2 = 0. This means that we obtain the widely used ‘three-
quarter’ rule for the specific cutting force: f(h) = C1h3/4.

However, high performance cutting uses not just high cutting
speeds but also large feed rates where neither the size of the
relative unsafe zone is constant nor the cutting force is softening.
The experiments of Tobias [3] referred already to slight increase of
Dw(h) with increasing h, but our experiments in the high
performance parameter domain present even a maximum point.

4. Experimental identification of hysteresis effects in milling

In order to measure the hysteresis effect where the unsafe zone
takes place, a specially prepared fixture with one degree of
freedom flexibility perpendicular to the feed direction (see Fig. 2c)
has been used. Full immersion milling of steel (C45) was performed
with a cutter having N = 4 teeth and diameter D = 32 mm. With this
arrangement, the tooth pass frequency can be tuned close to the
relevant natural frequency to study the first lobe of the stability
chart.

The continuous variation of the axial depth of cut ap was
provided by a special ‘ramp-like’ workpiece (see upper left part of
Fig. 3), which was attached to the special fixture in the feed
direction. The experimental modal analysis confirmed the
existence of the relevant flexible mode in Y direction with
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ase cite this article in press as: Stepan G, et al. Identification o
nals - Manufacturing Technology (2011), doi:10.1016/j.cirp.201
vn = 95.88Hz, z = 0.7% and m = 140.7 kg apart from other less
significant modes in X, Y and Z directions. With the angular
position wi(t) = tV + 2p(i – 1)/N of the ith tooth (see Fig. 2c), the
governing equation for coordinate q in the Y direction is given as:

q̈þ 2zvnq̇þv2
nq ¼ � ap

m
ð f tðhiÞ sin ’i þ f rðhiÞ cos ’iÞ �

ap

m

�ð f tðhiþ1Þ sin ’iþ1 þ f rðhiþ1Þ cos’iþ1Þ (6)

where the instantaneous chip thickness is expressed as hi(t) = fz -
sin wi(t) + (q(t) � q(t – t)) cos wi(t) with fz denoting the feed per
f cutting force characteristics based on chatter experiments. CIRP
1.03.100
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tooth. The ratio of the specific tangential and radial force
components is the constant k = ft/fr, so Ft = ftap, Fr = frap. Equation
(6) is simplified since two teeth are in cut all the time with shift p/
2, i.e., wi+1 = wi + p/2 (see Fig. 2c).

To have a time independent formulation of (6), we take the
time-average of its right-hand-side for the time period t = 2p/
(NV). If the specific tangential cutting force characteristic is
represented by a cubic polynomial (see curve C in Fig. 1b)

f tðhÞ ¼ r1hþ r2h2 þ r3h3 þ � � � ; (7)

then the governing time-independent differential equation is:

By taking care of the edge radius and the highest recommen
feed per tooth of the inserts, eight different feeds were selec
between fz = 0.0583 and 0.2508mm/tooth. The shots were p
formed subsequently on a workpiece with symmetric ramps u
the fixed spindle speed V = 1600 rpm (see Fig. 2a). The steepnes
the ramps was designed by means of the predicted stability c
(thick lines in Fig. 2a) using the measured modal parameters and
linear cutting coefficients Kt = 1495 N/mm2, Kr = 538.7 N/mm2.
result was a ramp of 5 mm height in the middle of the workpiece
upper left side of Fig. 3 and point M with thin horizontal dashed l
in wavelet transforms and time-histories). For safety reasons,
maximum depth of cut was kept at 4mm only.

In Fig. 3, the measured time-histories of acceleration signals
presented together with their wavelet transformations (ti
frequency diagrams) in case of two typical shots with diffe
values of feed per tooth. The natural frequenciesvn,1 = vn andvn

Y appear in the horizontal (frequency) axes of the wav
transforms presented by vertical dashed lines through the diagra
Following [17], all the essential frequencies were carefully identi
in these wavelet transforms (see inserted vertical lines at top
bottom in Fig. 3): the harmonics of the spindle frequency V (sh
red lines), those of the tooth pass frequencyvT = NV (long red lin
the harmonics jvC + lVj and jvC + lvTjof the chatter frequencyv
the spindle frequency (short black lines) and by the tooth p
frequency (long black lines) (l =	1, 	2, 	3, . . .), respectively.

The wavelet transforms in Fig. 3 clearly identify the start
and the finish (FC) of cutting. The onset of chatter (OC) can
identified by means of the traces of the higher harmonics of
chatter frequency in the time-frequency diagrams (see sm
arrows in the left sides of each panel). The end of chatter (EC)
also be identified by means of the acceleration signals in the t
domain: the system ‘falls back’ to stable stationary cutting fr
the large-amplitude chatter almost immediately (see arrows in
right side of each panel). Still, this also leaves its clear trace in
time-frequency representation at higher harmonics for the en
chatter (EC). The onset (OC) and the end (EC) of chatter are
marked by thick horizontal dashed lines.

As explained by the blue path of the measurement along
hysteresis loop in Fig. 2b that is unfolded to a top-down stra
blue line vertically in time along the spatial dimension of
workpiece in Fig. 3, the experimentally identified (OC) correspo
to the Hopf bifurcation (HB), and (EC) corresponds to the Big B
bifurcation (B3). The relative size of the unsafe zone can
calculated from the measurements by (3) as

DwðhÞ 7!Dapð f zÞ ¼
ðOC � SCÞ � ðFC � ECÞ

OC � SC
:

5. Force reformulation from the chatter experiments

Based on formula (8), the evaluation of the experime
wavelet transforms for the 8 different feed rates serves the dot
Fig. 4 for the relative size of the unsafe zone depending on f
This clearly shows a maximum at an extremely large value of 7
which means that the ‘classical’ constant unsafe zone of 4% and
corresponding three-quarter rule of cutting force characteristic
not valid at all in case of high-performance milling.

Fig. 3. Samples of the measurement results for the size of the unsafe zone of chatter:

time–frequency diagrams of wavelet transforms (left side) of the acceleration (small

� blue, large � red) signals in Y direction and time histories (right side) of

accelerations in X (red) and in Y (blue) directions. The vertical time scale is represented

by the spatial dimension of the workpiece. The blue path for the increasing/decreasing

variation of the depth of cut along the hysteresis loop in Fig. 2b is unfolded to the

straight blue line (top-down line with arrows between the wavelet transforms and

time histories) with the corresponding critical points identified as follows: SC – start

cutting; OC – onset of chatter (HB); M – middle of the workpiece at maximum depth of

cut (dashed thin black line); EC – end of chatter (B3); FC – finish cutting.
fz (mm/tooth)
0 0.200.10
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100

Fig. 4. Measured width of the unsafe zone as function of feed.
q̈þ 2jvnq̇þv2
nq ¼ ap

m
ðq0 þ K1Dqþ K2Dq2 þ K3Dq3 þ � � � Þ;

where Dq = q(t � t) � q(t) is the regenerative term with delay t and
coefficients are q0 ¼ � f zr1 � 8 f 2

z r2=ð3pÞ � 3 f 3
z r3=4, K3 = 3kr3/4,

K2 =�4r2/(3p) � 3fzr3/4, K1 ¼ kr1 þ 8 f zkr2=ð3pÞ þ 3 f 2
z kr3=4.

Introducing the perturbation x by q(t) = q0 + x(t), we obtain the
equation of motion (1), with h2 = K2/K1, h3 = K3/K1. The depth of cut
ap and the feed rate fz take the role of the chip width w and the chip
thickness h in (1), while the role of the cutting coefficient K is taken
by the coefficient K1.
Please cite this article in press as: Stepan G, et al. Identification of cutting force characteristics based on chatter experiments. CIRP
Annals - Manufacturing Technology (2011), doi:10.1016/j.cirp.2011.03.100
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f the approximate function Dap ¼ C f 2
z =ð1þ b f z þ c f 2

z Þ is fitted
e measured points in Fig. 4 then the solution of the differential
tion (5) is a second degree polynomial for the cutting

ficient, and the specific cutting force is just a 3rd degree
nomial as considered in (7) by Tobias [3]. Optimizing the
meters C, b and c and fitted also to the linear stability limit, the
meters C = 12.51/mm2, b = –11.51/mm, c = 53.61/mm2 are
ined in Dap and the cutting force coefficients in (7) are
11.9� 103 N/mm2, r2 = –161� 103 N/mm3, r3 = 848� 103 N/

4.

oncluding remarks

sing the wavelet transformation of the measured acceleration
als of chatter induced during milling for different feed rates on
kpieces with carefully designed ramps, a simple method was
duced to measure the relative size of the hysteresis loops

esponding to the unsafe cutting parameter zones of regen-
ive chatter. From fast measurement, formulae can be derived
econstruct the cutting force characteristics against chip

kness.
f no hysteresis loop is experienced at the stability limit, the
r and shifted linear cutting force characteristics may be used.
n the unsafe zone is constant at values of 3–5% then the
osed method leads to the classical power law, and it gives
tly the well-known 3/4 power rule for 3.9%. However, this is
valid for large feed rates. The relative size of the unsafe zone
increase up to 80% as shown in (8) and in Fig. 3 where the
ng asymmetry of the onset (OC) and the end (EC) of chatter
nd the middle point M in the wavelet transforms for the larger
exists.
hen large feed rates lead to a maximum for the measured

th of the hysteresis loop, the softening cutting force
acteristics may turn to a hardening one at an inflexion. These
es can be described by cubic polynomials well. Further
yses and experiments are needed to check whether the
nential or power expressions of the cutting force can also be

d to the results of dynamic experiments. However, one
ortant fact has already been confirmed by the measurements:
size of unsafe zone of regenerative chatter has a maximum for
easing feed.
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