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Stability of linear RFDESs of n DoF systems

Delayed mechanical systems include 2" derivatives:

MK(t)+ [ d,B(t Dx(t+9)+ [ d,K(t, x(t+9)=0
Autonomous systems: B(t,9) = B(:9), K(t,9) = K(9)
Trial solution: AeR"

Characteristic roots: Re 4; <0, j=1,2,... < stability
D(7) = det(MZ + [ 2e”d B(t,9)+ [ e”dK(9))
D-curves: R(w) = Re D(iw), S(®) = Im D(iw), @ [0, )
R(p)=0k=1..r: S(p)=0k=1..r

YD s S(p) =(-D"n

} & stability

Stability chart () +c,x(t) =c, [ x(t+9)ds

2

c Jdn

ol 4l ol Tepant

Contents

Answer: Delay equations arise in Engineering...

... by the contact of bodies, and
by the information system of control.

- Linear stability and bifurcations — summary

- Machine tool vibrations

- Shimmying wheels of trucks and motorcycles
- Balancing — human and robotic

- Robotic position and force control

Examples with 1 DoF,n=1
() +cx(t) = ¢, flw(S)x(t +9)d9, w9 =1
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Delayed oscillators w($) = 5(3+1)

sy vibration
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R(0)+ GoX(t) = Cyx(t 1)
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oK stability
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Delayed oscillator with damping
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: \%“ 4 ‘ ‘colnz
damping: by=1
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" R() + 6x(t) =

X(t—7)+x(t—17,)

The delayed Mathieu equation

R(t)+ (6 + cost)x(t) =bx(t—2x)

X(t) = i(Ak oKty B, e—ikt)elt . i(ﬂk ekt B, eikt)ezt
=t k=0

x)= >\ e+t C, et Harmonic balance
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X(t) +coX(t) =

clj W(P)x(t + 9)d 9

o’

“W(9) = —%sin(;r&)

z*l+e?

+Cy—C =
0 2 2+7°

Non-autonomous linear RFDEs

MR(t)+ [ Bt DX(t+9)+ [ dyK(t Hx(t+89) =0

Time-periodic systems:

B(t+T,9)=B(t, 9

Trial solution: [x(t) = p(t)e”| K(t+T,9)=K(t, 9
P(t+T) = p() = 3, , (A, cos(k 1)+ B, sin(k 1)

Hill’s infinite dimensional determinant =

characteristic function = characteristic roots 4

Re 4,<0,j=1.2,... & stability & | 4] <1, j=1.2.,...

for characteristic multipliers x=e"" of fund. op. at T

The delayed Mathieu — stability charts

R(t) + (0 + gcost)x(t) =b x(t—27)
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Stability chart of delayed Mathieu
R(t) + (5 + ecost)x(t) =bx(t—27)

Insperger,
Stépan (2002)

Introduction to SDM — delayed oscillator
* X(t) + Co X(t) = G Xi_m
X(t) =X
| - X(ti) =X
x(t) = K, cos(ﬁt): K sin(./Cot) +C,%;_p /€y
X(t) = —Ky+/Co sin(1/cot) + Ky 1/C C0S(y/Cot)
Xis1 = 8go Xj + 891 Xj + 85y Xi_py

a =X Fan X +a, Xy,
det(ul =A)=0 = |, ..,

Xi-2 X;

yi =col(% X Xiy - X )

<1< stability

Full discretization - comparison

Discretization also w.r.t. time derivatives
—slow convergence

m=400 é
. D m=300 (
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Semi-discretization method — introduction
R(t) +cox(t) =, X(t—7) =21

m=1 Tﬁ\ m=4 T
2At / / /

m—co
3 At Lvisssises ’7

I 0At t 0 t
The approximating DDE is non-autonomous
K(t) +CoXx(t) = x(t—z(t)), z(t) =t+(m—int(t/At))At
t e[t;, t;,,) =[iAt, (i +1)At) At =27 Hm+1/2)
= X(t—7z(t)) = x((i—m)At) = X;_,

Delayed oscillator — stability chart by SDM
K(t) +Cox(t) = x(t—z(t)), z(t) =t+(m—int(t/At))At

Introduction to SDM — Mathieu equation

R(t)+c,(t)x(t)=0 ¢, (t) =5 +¢ecost

Co

Ste At teft;,t,,)
K(t) +cyix(t) =0
cor X(ti) =X
TN i e X=X
) i=01..k-1

X(t) = x; cos(\/co; (t—t,))+ rsm(ﬁ(t t))



Semi-discretization — general case Examples — test on delayeod Mathieu
X(t) = _[idgn(t, DXt +9), nt+T,9)=5(t9) R(t) + (Cq5 + Co, COS(4AL))X(E) = ch(t +9)d g
1 Ve>0, AM(e), Ym>M (e) .
=

mn .
7S HSW, j=1...,mn

‘,uj‘<8, j=mn+1,...
= Insperger, Stepan: :
Int. J. of A

Numerical Methods
in Engineering (2002)

K(t) + (6+c,, cos(2at))x(t) = x(t —7,) + x(t—7,)
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Nonlinear RFDES in Engineering Stick&slip — unstable periodic motion
Stability analysis of steady-states is followed by . —

bifurcation analysis
Hopf bifurcation — self-excited vibrations
Supercritical case: easy to avoid vibrations by
knowing the linear stability behaviour
Subcritical case: the unstable periodic solutions
mean a limited domain of attraction for the
desired steady-state behaviour — cannot be
predicted by linear stability analysis.

akad_csu.mpg




Unstable limit cycle —

“ghost” vibration

1. Chatter

~ (high frequency) machine tool vibration

... Chatter is the most obscure and delicate of all
problems facing the machinist — probably
no rules or formulae can be devised which will
accurately guide the machinist in taking
maximum cuts and speeds possible without

producing chatter.”

(Taylor, 1907).

Efficiency of cutting

Specific amount of material cut within a

certain time
V= thE
2
where
w — chip width

h — chip thickness
Q ~ cutting speed

5'_'1‘ ¥ - ,.’.";"'; -
surface quality

Efficiency of cutting

Specific amount of material cut within a
certain time

vV =whal
2 thickness h.
where w2
w — chip width ,

h — chip thickness
Q ~ cutting speed

Modelling — regenerative effect

Mechanical model
h(t) = hy + x(t —7) — x(t)
Ah =h(t) —h, = x(t—7) —Xx(t)

7 —time period of
revolution ho

Mathematical model

X+2§a)nX+a)fX=




Cutting force

% rule for nonlinear
cutting force

FX,O 7

F (W, h) =cwh

F = F, o +kiAh+K,(Ah)? +k;(AD)® +...
Cutting coefficient k, = _1k
8h
oF, (w,h 3 = 0
@(W’ hy) = (W) = *C@'OM 5 k
oh |, 4 ky=—-1
96 hy

Stability chart of turning

Better stability
properties experienced
at low and high
cutting speeds!

&: JL+28
o | Lan 1
A1+ 2&

Wer =25(1+4)
Wy = 0,1+ 26

1.2
Weight functions on

_l 3lo ‘7
p(.9)—ge ! 0.20
=i 015

o |
9= =20 2% oo
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Linear analysis — stability

K(t) + 2E0, X(t) + (0F + ﬁ)x(t) = ﬁx(t —7)
m m

Dimensionless time T =t
X"(T) + 26X (F) + @+ W) x(T) = Wx (T — w,7)

Dimensionless chip width W= Ky ~= k

. . . me; K
Dimensionless cutting speed "

~ 21 2x 2z Q

Q= —= = 5 ="

T w7 o, T @,
Q
Short regenerative effect

4 [ p(9)dg=1

0
X+ 2Ew X + 02X =k1Lp(.9)(x(t +9CD) —x(t+9))dg

m
o)

. . 1.0@ = rrr o —
Weight functions ©n A
() = _lsin(fsj

20 o2

o |

:—:720.2
g r 27D
£=0.01

Drilling — low speed,
vibrations at very
low frequencies!




Drilling

Boeing (2001)

Machined surface
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Bifurcations of turning

. > o Subcritical Hopf
T2e 4#)}/## / bifurcation:
"f; K, * unstable vibrations
020] € around stable cutting
Q_ i+2d
0.15- o, .1 1
j——atn———
d r J1+2&
26(1+¢) M\ }
o SO

{T+2C/G-atn{T+22 /)

Wy = 0,1+ 25

Unstable quasi-periodic vibration

k1 [N/um] 2
) . 2
Co-dimension 2 L |\ oy /
Hopf bifurcation: R R R 3
o]
8 r
T2 =
limit of
linear
/7 i1 |stability
L O
32 340 ry [r.p.m.]

High-speed milling

Parametrically
interrupted cutting

Low number of edges
Low immersion
Highly interrupted



Modelling high-speed milling

Two dynamics:

- free-flight

- cutting with
regenerative
effect

Stability chart of H-S milling

1 Sense of the
period
doubling
4 (or flip)

| bifurcation?

Bifurcation diagram — chaos .

3 .
~ | vibration
| amplitudes
21 S
—Stable i
Period 2 osc. sy
- ungtable stationary |
stable 1 ~ = “¢utting
stationary .
culfiig 7 stable period 2 osc. e
0

Nonlinear discrete map of HS milling

X ] _ [ %5 0 f
= hok
V. v T2 eV [FEEE
J i h+k=2,3; h k>0 m

Linear stability: critical characteristic multipliers

1, =€ (sh(¢w, 7) + Cos(e, 7))

_ ch(éw,7) +cos(w,7)

at
__PT g

W‘cr 1 ‘cr A
ma, sin(w, )

Subcritical flip bifurcation
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Both period-2s unstable at b) Structure gf chaos — transition matrix

period 2 orbi \

t
—'

vibration
amplitudes

atd

unstable
period,2 -
fixed point
e

7 cutfi
stable 7

stationary sunstable
cutting o period 2

0.09 0.1 0.11 W

motoros.mpg

Governing equations & memory effect

1L(t)=—c j (1 = X)q(x, t)dx

q(x,t) =vw(t)+ (1 —x)w(t) +q'(x,t)v+h.o.t.

xe[-a,a], te[t,, o), and q(a,t)=0
Travelling wave solution of the PDE:

q(x,t) = (@=x)p () + (I —a)w ) -y(t ) +e

B L1 o
V2 (t) + w(t) =13 j_l(L-l—zg)y/(t+3)d,9+...
v I _ 2ac(I*+a’/3)

= , L=—, ,
2am, a Ia



Stability chart of shimmy model

3. Balancing

.. 6
$-69p=-"0Q
1) Q =0 - no control I ml
¢','_69|i¢ -0 = @=0 isunstable
2) Q(t) = Po(t) + Dg(t) (PD control)

p+2Dg+ > (P-mg)p=0
ml ml

¢ =0 isasympt. stable < D >0, P>mg
3) Q(t) = Poft — 2) + Dot — 7) (with reflex delay z)

o0 6 . 6 69 _
o)+ pey Dg(t—7)+ HPw(t—r) - I—w(t) =0

Labyrinth — human balancing organ

dynamic receptor

static receptor

Both angle and angular velocity signals are needed

Nonlinear vibrations — without delay
=9,
Q__%(ﬁ —%+§;,’”Tjtan7¢)ﬂ+ popt (14 3 )t

(% + tan21/;) cosp + ﬁ‘:(}f—:cos¢+ 6tan2¢cos¢)

= vtant + —
p=vtan wosp’ .
. _ v+ Qlsing /;///////////2
= Rcosyp Stable/ S <
Lcr' -
unstable h

with delay?2? et

0 L4 A4

Stability chart & critical reflex delay

v T>To = L = instabilit
E B— \ Cr \ 39 ¢
To—o_ N0 [ ]

T:)E - rzO.i)[s]
0<——="F<
® 2nT

P <L L osH
4z
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Random oscillations of robotic balancing

006

. sampling time
and

ot
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quantization
(round-off) o=, "
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Sampling delay of digital control

X ]
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Stability of digital control — sampling
o(t;))| xI=Ax) det(AI-A)=0

i_
X! =1 o(t;) ) ‘/11’2]3‘<1
uj VI D
sho cho-1
cho — 5
@ @
A=| osho cho Sh—a)
[0}
6 bty
ml ml

Alice’s Adventures in Wonderland

measured
time
12 [hour] f y: analogue
fast
exact
clock

steady clock

/ / / time [hour]

0 12 24 36

Digitally controlled pendulum

¢(t)—ﬁ£¢(t)=uj, telt; t,+7)

® (Dot, ~ ) +Polt, -7))  =12....

u, =——
Foml
time delay
21
321 ———/—-}/K/—-}—/—Z} ------ Tin
1 o
Ik T 15 T I3
tj—l tj th t

Stability of digital control — round-off

h — one digit converted to control force

U, :_n(jlhint(ng(tj—r):Pga(tj—r)j
xI* =Bx! +g(x}) 0
gy = 0

tho o aox) (=%hinx+ &)

B=|wshwche she |det(il-B)=0 =
0 0 0 [h=e>l 4=e 14570
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1D cartoon — the x#-chaos map

Drop 2 dimensions, rescale x withh = a ~e®,
b~P

Xjn = aXj —bint(xj)‘

A pure mathematical approach (p>0, p<q)

y(t) = py() —qint(y(int(t)))
solution with x; = y(j) leads to x-chaos map,
a=el,b=qEeP-1)/p = a>1, (0<)a-b<1
small scale: x;,,=a X;, large scale: X;,;= (& —b) x;

prob_poz.avi

Stability of digital position control

X"(M)=-px(j-D-dx'(j-1), T €[], j+1)
:: a.J

X(T)=x(J)+ X ()T - ))+1a;(T-j)°

XM =x(j)+a;T-j), Teljj+l)

x(j) 113
2= X(j) =2 =Az), A= 0 1 1
a; -p-d 0

J
det(ud —A) = ° —24° +(@+d + 3 p)u+ (3 p-d) =0

Xk+1

Micro-chaos map

large scale

X = 8% —bint(x,) ‘

small scale
Typical in digitally
controlled machines,
caused partly by delay

4. Robotic position control
X
PO 7~
Q

m

7))
Equation of motion
mX=Q—-Csgn X, Q=-Dx—Px
Position error: A=C /P, Stability <P >0,D>0
With sampling delay 7, dimensionless time T =t/z

KM == x(1-) =20k (-1, T el j+1

Stability chart Rern; 53 <0

p7® +2(d - p)n? +(4—4d + p)y+2(2+d) =0
Stability conditions: p >0, H,> 0 (= 0 = Hopf)

. d d Maximum gain:
P 1m
5/8 max — ZTT
p Minimum position error
0 14 0 1/(67_') Ain 2 4C7% [ m

Self-excited vibration frequency: 0 < f < fg01ino/6

12
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5. Robotic force control
y
0 /l\
Q

k
m

C

7

my +ky =—P(ky—F,)+ky—Csgny
Equilibrium: y4; = F4 /k, Force error: A =C/P
Stability < P >0.  But, with sampling delay =
QM) =—Plky(t; —7)— Fy )+ ky(t; =), t et t; +7)

Dimensionless parameters: (w,7)/(27z) = T,/ fs, P

erokvazi.avi

erorudon. avi

Stability chart of force control

. ] stability limit
104  theory
5+ lipm
t 1 T

Vibrati / s
Ioration 1/24
frequency: 1/37 VAN
0<f<f/2
. 0 —_———
Maximum P 1/t
in* 3/2* Ta .
Igjaun. - i /r’ ot /;{" _—
mex =19 1 /
Minimum
| /4
__ forceerror: Py | I
uasi-periodic ., & == ———"
Quasi-periodic 5 "
gt : i WO ety
oscillation =
/
)] measured vibration frequencies at 2 DoFE model

T
theoretical
stability limit

stable
self—excited
oscillations

— | time history
2.
L sfrequs.
quasi— '” ! “ ! “
periodic

O |oscilla- o

7 3
o o 2138
* X\ settled
« « oscillations

spectrum
stability chart

T
30

40 Timg

13



Y
ouna

\

\o MY
=

{

y

Duna_rob.avi

Modelling human-robotic force control

152 X1 P
i Q
F AW 2

—=1 N

mX, (1) = k(X (1) —Xx (1)) , teft; t;+7)
% (t) = =Pk (t; —h7) = X,(t; —h7) )+ Xy (t; —h7)
force error: F, (t; —hz)
dimensionless gain: p = Pk/a,

6. Human-robotic force control
p analog output ’
-'".. (control signal)

Random delay
measurements

acceleration
i
g emanen
|

Combined pure delay
and sampling

a4 08 OB 1 12 14 16 1B 2 27
_ time delay
£300 %}}X‘W'mﬂh //.://c./;//
Iy ¢ € el LTy
£ 250
El ht '
——Deadime
e deadtime
~ T T

150 ——

t[e r =+ -

gt by t

0 1 2 3 4 5 1-1

Stability of rehabilitation robot

Deadtime is ] The Unmode”ed
—— assumed to be q .

8 x < (sampling) damping of the

1| human palm and

Il other viscous
effects help to
stabilize at
| chosen parameters

g Real parameters
used in study

| folfe

o 116 1/3
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Growth factor

(O]

0 - N G A

—1 %

M

B
Cycles

Dilator
muscle

harynx Ry

Kn  _Ap@-an

Ffowcs
(Cambridge, 1997)

Conclusion

How does delay arise in Engineering?

By elastic-plastic contact (PDE=RFDE)
By information lag in control

Thank you for your attention!

8. Human-human force control
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