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Example

In Fig. 1, an 1 DoF oscillator is shown that consists of a beam of mass m, and a torsional spring
of stiffness k. The beam can rotate about the pin at point A. The system is in the gravitational
field, the preload of the torsional spring ensures that the horizontal position of the beam is the
equilibrium of the oscillator. The vibration of the steady beam is induced by the impact between
the beam and the lumped mass my. Before the impact, the lumped mass free falls from the height
h starting with zero speed.

Fig. 1: The investigated system

Data
my = Gkg msy = Gkg

a=03m 3=60° -
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h=0115m c=1 —> iokeledeppn MQJMA uikma
Task

1. Determine the velocity of the lumped mass and the angular velocity of the beam after the impact!
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In Fig. 1, a 1 DoF oscillator is shown that consists of the mass my, the springs of stiffness k; and
ko. As it can be seen one of the springs connects to a cantilever beam, which length is [, its cross
section is characterized by a and b, the elastic modulus of its material refers to E. The mass of the
beam is negligible. The displacement of the mass m; is described by the generalized coordinate x.
The vibration of the system is induced by the impact between the mass m, and lumped mass ms;.

Y
Data
T
a = 0.006m b=0.025m a E
[=05m E =200GPa o
my = bkg msy = lkg b — i—
ky = 100N/m &y = 50 N/m | v [ o Lm
c; =0m/s co = 0.6m/s A m =
e=105 k,
Tasks

Fig. 1: The investigated system

1. Determine the natural angular frequency of the system!
2. Calculate the maximal displacement, velocity and acceleration of the oscillation that is generated
by the impact! Sketch the time histories of the displacement, velocity and acceleration!
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The swinging arm shown in Fig. 1 - 67;%
consists of two mass-less rods and - [
three lumped masses my, my and mg. | a
The swinging arm can only rotate h |
about the joint A. To describe the | Py
motion of the swinging arm, the an- ' my, =0 ::"‘ m,
gle ¢, measured from the horizontal - té;_ ____________________________ 0_..
axis, is used as generalized coordinate. A : \L; r
The arm is in the gravitational field. i/-mh:[)
The equilibrium position is located at h i |g
w = 0, which is ensured by the preload :
in the spring of stiffness k. '

L omﬁ

Data
) Fig. 1: The mechanical model of the swinging arm
my = 2keg [=1m
ms = 4 kg h=0.5m

my = 3 ke a=0.6m
k=10"N/m g¢=98lm/s

Tasks

1. Derive the equation of motion for small oscillation around the equilibrium!

2. Calculate the natural angular frequency, natural frequency and the period of oscillation! (w, =
30.96 rad/s, f, = 4.93 Hz, T,, = 0.203 s)

3. Determine the law of motion for the initial condition given by the vertical position yg(f = 0) =
—0.01' m and velocity vg,(t = 0) = —1m/s of the point B! (C; = 0.01 rad, C; = 0.033 rad)

4. Calculate the maximum force in the spring for the given initial condition! (F} . = 235.56 N)
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In Fig. 1, a railroad car of mass m crashes into a buffer stop with the initial velocity vy. The
buffer stop is assumed to be immovable. In order to consider the elasticity and the energy dissipation
of the buffer stop during the impact, we us the simplified mechanical model shown in the figure.
While the wagon is touching the buffer, the spring stiffness and damping coefficients of the buffers
stops can be combined into the equivalent stiffness & and equivalent damping factor 2e.

th Uy :Ii" 8= lc =2-'|0‘-'“%
J — = — .
a‘ — =] HE
AN VA m
— = HE

Fig. 1: Mechanical modeling of the impact as a damped oscillator

Data

m=>5-10"kg vy =1m/s
k=10N/m ¢=10°Ns/m

Tasks

1. Calculate the maximum spring force arising during the impact! (F} .. = 128.55kN)
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In Fig. 1, a swinging arm is shown
that consists of two rods with different 31
lengths and masses, and a disk with
radius K. The swinging arm can only

rotate along joint A, and the rods are ky ”1:,
connected to the environment through R — DU
two springs with stiffness ky and k; A N\ .

and a damper with damping factor ¢;. i |~ 2m 3m li

To describe the motion of the swinging
arm, the angle ¢ measured from the —
horizontal axis is used as generalized
coordinate. The structure is in the
gravitational field and its equilibrium
position is located at ¢ = 0. In this

-y
=
=
=
5

equilibrium position, the spring with
stifiness ko is unloaded.

Iy
=

Fig. 1: The mechanical model of the swinging arm

Data
[ =02m R=01m m = 0.12kg
ki =300N/m ky=10N/m e =2Ns/m
Tasks

1. Derive the equation of motion for small oscillations, calculate the natural angular frequencies of
the undamped and damped system, and the damping ratio! (w, = 35.55 rad/s, wq = 35.31 rad/s,
¢ =0.117 [1])

2. Determine the critical damping factor in order to make the system critically damped! (¢; ., = 17.10
Ns/m)

3. Calculate the maximum force in the spring of stiffness ky if the initial conditions are p(t = 0) =
wo = 0.01 rad and @(t = 0) = 0 rad/s! (F}) max = 3.009 N)
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1Dt geniestelt ollopiint dmadtar

In Fig. 1(a) and (b). a swinging arm is shown
L) (]

that is modelled by a rod with length [ and mass (a)

m. The swinging arm can only rotate about joint k UL- P N g
A. Two cases are distinguished: harmonic force - N | () = Focos(wt)
excitation (see panel (a)) and harmonic displace- (— O ——— m— A
ment excitation that is applied through a spring Ci a1 i /2 E
with stiffness &y (see panel (b)). In both cases, . =

the rod is connected to the environment through : I

a spring with stiffness & (in case (a)) or &y (in

: , . ] .
case (b)) and a damper with damping factor (b) /] A F) = ro sl
- . r(t) = rgcos(wt)
¢. To describe the motion of the correspond- k1 ko

ing 1 DoF swinging arm, the angle » measured

. . . . C = D
from the horizontal axis is used as generalised > I N

coordinate. The structure lies on the horizontal
plane and its equilibrium position is located at
@ = 0. In this equilibrium position, the springs
with stiffness & (case (a)) and k) (case (b)) are
unloaded.

Fig. 1: Mechanical model of a swinging arm. (a) [—[{)
Force excitation. (b) Displacement excitation.

Dat 1
o : wiker k Tlt)
m = 3kg [=1m w = 30rad/s jwred indle). ome- o2 cockre | j l ~
k= -l(l(l.\',-"rrn Fy=10N6N ¢ = zsrx.u,,{m el 5 ok mjt»ié’ eggmere ., AN
ko =1000N/m re =0.0lm Kk = 150N/m “1&% '[*a_ pdv\ C
a2 L O ofn.
Tasks Goosm {

1. Derive the equation of motion for both models and calculate the natural angular frequencies of
the undamped and damped system, the damping ratio and the static deformation! (For both cases:
wy = 20 rad/s, wy = 14.28 rad/s, ¢ = 0.7 [1], fo = 0.0125 rad)

2. Draw the resonance curve and the phase diagram of the systems!

3. Determine the law of motion (#) if the initial conditions are ¢(t = 0) = ¢y = 0.015 rad and
p(t =0) =0 rad/s!
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1 OF neqyed il wadold

In Fig. 1 a quarter car model is shown that
can be used to investigate the vertical dynam-
ics of a vehicle. In practice, the stiffness and UUJJ
damping parameters of the suspension system
are usually tuned by means of the model in or-
der to achieve the desired road comfort. The

v = const

Quarter-Car model
(mass)

mass of the quarter car is denoted by m, while Suspension f;
the equivalent stiffness and damping parameters H .
. ) . y() Y Armonic
v @lIRNense < ‘heel are &) e) ok
of the suspension rillil wheel are de 1@.( d by k ] R Road Profile
and ¢, respectively. The road, on which the car \ /

is driven with constant longitudinal speed v, is r(t) To
considered to have a sinusoidal shape described L

by r(t) = Rsin(wt), where R is the amplitude

of the road disturbances and w is the excitation Fig. 1: Mechanical model of the quarter-car
frequency characterized by the speed v and the model.

wavelength L. To describe the motion of the

quarter car model the vertical displacement y(t) is used as general coordinate. The effect of gravity
is neglected and it is assumed that the wheel never lose the contact with the road.

Data
m = 300 kg k=2-10°N/m ¢=9300Ns/m v =36km/h=10m/s
R =0.04m L=12m
r(t) = Rsin(wt)

Tasks

1. Derive the equation of motion for the quarter car model!

2. Calculate the natural angular frequency of the damped an the undamped system, the damping
ratio, the frequency ratio and the static deformation! (w, = 25.82rad/s, wy = 14.28 1';1('1{5. ¢ = 0.6,
A =203, fo = 0.105m)

3. Determine the stationary motion y,(f) = Y sin (wt 4+ 46 — ¥)of the vehicle! (Y = 0.0266m, § =
1.181 rad, @ = 2.478 rad)!

4. Determine the maximum damping force Fy . during the stationary motion! (Fy . = 20257 N)

) K=k (J_Rs.'u(wn\ = L, .uae,rSmus Ug&ﬂ-
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In Fig. 1, a welded structure is shown that
consists of two rods with different lengths and l 7 l l
masses, and a disk with radius R. The struc- ‘

ture can only rotate along joint A. The horizon-

tal rod is connected to the environment through A Tg-"’" k'é?
C

a spring with stiffness &y and a damper with ¢,

damping coefficient, while at point B a harmonic A \ 1) e
force excitation is applied. On the vertical rod 3m
a harmonic displacement excitation is applied k, ——

tion angle of the structure is measured from the

horizontal axis by the general coordinate ¢. The

structure is in the gravitational field and its equi- m Yy

librium position is located at ¢ = 0, where the I T
R

spring of stiffness k; has static deformation only.

through a spring with stiffness ko. The deflec- — i—'VW_ﬁ: r(t)

Data Fig. 1: Mechanical modeling of the structure
m=012kg [=0.2m R=01m r(t)=rgsin(wt) rg=001m w=20rad/s
ki =300N/m  ky=10N/m ¢y =2Ns/m F(t) = Fysin(wt) Fy=2N

Tasks

1. Derive the equation of motion for the small vibrations about the equilibrium using the Lagrange
equation of the second kind! Calculate the undamped natural angular frequency, the damped
natural angular frequency, the damping ratio and the static deformation! (w, = 35.55 rad/s,
wq = 35.31 rad/s, ¢ = 0.117, fo = —0.00713 rad)

2. Calculate the stationary solution of the system! (¢,(f) = —0.0102sin(20¢ — 0.19))
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Uasantad

In Fig. 1, a vibration exciter is shown, which consists of a rigid body with total mass m, four
symmetrically rotating eccentric masses with angular velocity w, eccentricity r, and mass mg. Ac-
cording to the simplified mechanical model, the moving rigid body is connected to the base with
an ideal spring and damper with stiffness & and damping factor ¢, respectively. To describe the
motion of the single-degree-of-freedom vibration exciter, the vertical displacement y measured from
the static equilibrium is used as a generalized coordinate. In the equilibrium position (y = 0) the
spring is preloaded, which results a force acting against the gravity.

(b) —> (¢

I static

|
! c : & equilibrium
| L |
' -Jtmlj;-
, i | l “J
wi | f my T ! r S y
i ' A
l l T

P=wl P=wt

Fig. 1: Mechanical model of a vibration exciter. (a) 3D view. (b) Vibration exciter in operation.
(¢) Frontal view.

Data
m = 60kg mg = 0.5kg (x4 pieces) r=0.1m
w = T7hrad/s (= const.) ﬂ = 25000 N/m
Tasks
1. Determine the damping factor ¢ for which the relative damping ratio of the system is ¢ = 0.05! Lﬂ.lCl
2. Determine the amplitude Y of displacement of the stationary solution y,(f)! mvodl.e
3. What is the maximum of the force Fj ax, which acts on the fixed base during the stationary

Moejo’);c{.\éai

motion?

_ t‘.b\(lu{-,) - -rw s")’\ (,W t)
Ug=Up + Wxag= o]+ (O ])xF cotot) .
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B =5 U= 4 2k Mwt) 4 P
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In Fig. 1. a 2 DoF system is shown, which
consists of a cart and a pendulum. The cart is oz my
modelled by a rigid body that can move in the
horizontal direction only, its mass is denoted by
my and the pendulum is modelled by a rod of

length [ and mass my. The rod can only rotate
about the joint B. Two different types of exci-
tations are applied: harmonic force excitation
F(t) = Fysin(wt + ) at the lower endpoint C
of the pendulum and harmonic displacement ex-
citation r(t) = rgcos(wt) through a spring con-
nected to the cart of stiffness k. To describe
the motion of the corresponding 2 Dol system.,
the generalised coordinates x; and x, are intro-
duced. Here, x, is the displacement of the centre
of gravity of the cart and x, is the displacement
of the point C of the rod. The structure is in
the vertical plane (the gravitational acceleration
‘i:l ‘2 {?l:lll[;l:_:1“:)1-”)lli“m position is located at Fig. 1. Mechanical model of the 2 Dok system

Data moht 8313&&{3 l'\.eiuxa.:.(r néwib.'

m; = 2kg [=0.5m w = 20rad/s
mo = 1kg Fy=5N e=mn/3
E=100N/m ry=001lm

Tasks

around the equilibrium!

. { -
2. Determine the stationary solution of the system! <€— nema UL;%‘)J'J“L’
3. Calculate the maximal excursion of the rod in the stationary solution! éj

mﬁ?ﬁ g Al dedslal g,

x | %_g Md.\od{ojd ,{nﬂmyc ~loy kett T, U X2
Wy, { _ -2
1154 A ch‘ T =z kxy
2

v ! { * 2.
! L=lwl + 6,
U, = g+ wxrgo=(x]+ o x%_ ang = |t Gy GSE R

Qo

% “’;? ¢ % sy
0]

C 7% Yy T Rk wt e U/Y

W, ?
l. Derive the matrix formulation of the equation of motion for the model assuming small oscillations + &hﬂﬂ’de”o 2
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2Dot (mg‘cttcﬂ reudser

In Fig. 1, a two-degree-of-freedom system is
shown which consists of two rigid bodies: a disk
with mass m; and radius E and a block with
mass 2. The disk is rolling on a horizontal
surface, and its center is connected to the envi-
ronment through a spring with stiffness k. The
block is moving vertically in the pravitational
field between frictionless linear guideways and it
is connected to a spring with stiffness k. The
other side of this spring is connected to an ideal
(inextensible) rope which is fixed to the center
of gravity of the disk. The rope is changing di-
rection on an ideal (massless/frictionless) pully,
and we assume that due to the pretension of the

rope it will remain tensioned during the vibra- Fig. 1. Mechanical model
tions. ')\.K.(W'l'a)
The forced vibration is created by the harmonically varying moment M(t) = ‘H’g cos(wt + £)

acting on the disk and the rotating eccentric mass (with angular velocity w, eccentricity e and mass
my) connected to the block.

In the equilibrium position (y = 0, ¢ = 0) the springs are preloaded, which results a force acting
against the gravitational force.

Data l'H?) = Y&WL(wt\

mg = 0.1kg my = lko ma = J ko RE=02m e=001m
k= 100N/ ky = 200N/ M, =3N w=23rad/s =s=7m/0 =
! /m ks /m M, m rad /s m, ]’o O|O{ m

Tasks

1. Derive the linear equation of motion with matrix coefficients!

2. Determine the particular part of the law of motion!

3. What is the maximum force in spring ko during the stationary vibration?

+4. Determine the natural angular frequencies (w,;) and the corresponding modeshapes (A;)!
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