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ABSTRACT
In this contribution, a chatter detection method is investi-

gated for milling operations. The proposed approach can give
not only qualitative condition (stable or unstable), but a quanti-
tative measure of stability. For this purpose, it requires an exter-
nal excitation of stable machining condition. Transient vibration
of the perturbation is captured by means of stroboscopic section,
and the corresponding monodromy operator is approximated by
its projection to the subspace of the dominant modes. The mon-
odromy matrix is determined with the application of homoge-
neous coordinate representation. Then, the periodic solution and
the dominant characteristic multipliers are calculated and their
modulus determines the quantitative measure of stability condi-
tion.

INTRODUCTION
In the production and manufacturing industry, milling is a

widely used method. However, high material removal rate often
cannot be established in practice due to the instability of the cut-
ting process. These vibrations are classified into two groups [1].
One of them is the self-excited vibration which evolves in case
of stability loss related to the surface regeneration effect [2].
This effect is usually modelled with delay-differential equations
(DDE) [3]. The other type of vibration is the forced periodic vi-
bration [4]. The so-called stability chart [5] presents the chatter-
free (stable) domains of technological parameters which are usu-

ally illustrated in the plane of the spindle speed and the axial
immersion. It can be calculated by frequency domain [6, 7] or
time-domain methods [8–10].

The experimental construction of these maps usually based
on chatter detection techniques [11]. Some of them investigate
the resultant spectrum of the sensors (typically industrial mi-
crophone and/or accelerometer) in frequency domain [12–14].
Other technique analyse the sampled signals in time domain
[15–17], or examine the quality of the milled surface [18]. These
techniques usually give qualitative condition to the stability of
milling process, whether it is stable or not. Near to the stabil-
ity boundaries, measurement points are sometimes marked as
marginal. Therefore, the comparison is difficult between the
theoretically calculated stability chart and the reconstructed di-
agram.

In this paper, we introduce a method which is capable to
provide a quantitative measure of stability, which can be directly
compared to the theoretically predicted stability condition. For
this purpose, a good choice is to compare the dominant charac-
teristic multipliers of the related Floquet theory of DDEs [8]. To
obtain them from experiments, it requires additional excitation
during stable machining condition, and the resultant transient vi-
bration has to be captured. Then, the dominant multipliers can be
approximated in least-square sense [15]. In addition, the modu-
lus of the dominant multiplier can be inferred to the damping of
the perturbed solution. With this process, the change of stability
condition that is the modulus of multipliers can be traced without
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FIGURE 1. MECHANICAL MODEL OF THE MILLING PRO-
CESS FOR N NUMBER OF FLUTED TOOL.

switching between stable and unstable conditions. The stability
boundary can be determined precisely by means of interpolation
between measurement points, furthermore, extrapolation can be
used to predict the distance from the stability boundary based on
stable measurement points, only.

The accuracy of the proposed method is investigated based
on a widely-used setup, for which the corresponding mechani-
cal model of the milling process is well-developed. Therefore,
a Single-Degree-of-Freedom (SDoF) flexure is used in the pre-
sented method, which can be found in [19].

MECHANICAL MODEL OF MILLING
In this section, the mechanical model of the milling process

is described. The dynamical model of the test rig is presented
in Fig 1 [19], where the milling tool is assumed to be rigid and
the workpiece is flexible along the y direction. One-Degree-of-
Freedom regenerative milling model is used with the correspond-
ing governing equation [1, 2, 8, 20]

mÿ(t)+ cẏ(t)+ ky(t) = Fy
(
y(t),y(t− τ)

)
, (1)

where m, c and k are the mass, damping and stiffness parame-
ters, respectively. The general coordinate is denoted by y(t), and
the cutting force acting on the workpiece is Fy

(
y(t),y(t − τ)

)
.

The resultant force is linearly proportional to the area of the chip
cross section which has time periodic component due to the inter-
mittent milling process, and it is influenced by the actual y(t) and
the previous position y(t− τ) due to the regenerative effect [2].
The time delay τ and the time period of the system T = 2π/(ΩN)
are equivalent for the considered straight fluted tool.

According to [8], the general solution y(t) of Eq. (1) can
be written as a small perturbation η(t) around its periodic term

yp(t) as

y(t) = yp(t)+η(t), (2)

where yp(t) = yp(t + τ) is τ periodic.

Forced vibration, ODE
The forced stationary periodic motion yp(t) can be calcu-

lated from the particular solution of Eq. (1) in case of stable
machining (limt→∞ η(t) = 0) as the solution of the following or-
dinary differential equation (ODE)

mÿp(t)+ cẏp(t)+ kyp(t) = Gp(t) fz, (3)

where Gp(t) = Gp(t + τ) is a τ-periodic directional force coeffi-
cient and fz is the feed per tooth [20].

Variational system, DDE
The stability of this stationary periodic motion yp(t) can be

analysed through the variational delay differential equation of
Eq. (1) in the form

mη̈(t)+ cη̇(t)+ kη(t) = G(t)
(
η(t)−η(t− τ)

)
, (4)

which is a linear time-periodic delay differential equation (DDE).
According to the Floquet theory of DDEs [8], the stability is de-
termined by the corresponding monodromy operator U (τ).

The state form of the general coordinate (see Eq. (2))
reads y(t) = yp(t) + ηηη(t), where y(t) = [y(t) ẏ(t)]T, yp(t) =
[yp(t) ẏp(t)]T and ηηη(t) = [η(t) η̇(t)]T. Introduce the discretized
state vector of the perturbation ηηηn

i ∈ R2n×1 along a period τ as

ηηη
n
i = colnj=1ηηη(ti− ( j−1)∆t), (5)

where the number of sampled points is n, the discretized time
step is ∆t = τ/n and the time after ith period ti = t+ iτ . Then the
monodromy operator can be approximated by the monodromy
matrix ΦΦΦn ∈R2n×2n based on several numerical methods [8–10].
The connection of two subsequent discretized states can be given
as a monodromy mapping in the form

ηηη
n
i+1 = ΦΦΦnηηη

n
i . (6)

Eq. (4) is stable if and only if all characteristic multipliers µn
(eigenvalues of ΦΦΦn) have modulus less then 1.
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DETERMINATION OF THE DOMINANT MULTIPLIERS
Our goal is to determine the monodromy matrix and the

characteristic multipliers. Therefore, to capture the behaviour of
the machining operation, the resulted vibration y(t) is sampled
with frequency fst, as shown with blue curve in Fig 2a.

Stroboscopic section
The sampling frequency is tuned to the period τ as fst = 1/τ .

These stroboscopic sections are denoted by (see red dots in Fig.
2a)

yi := y(iτ), i ∈ N. (7)

According to Eq. (2), the sampled perturbation and stationary
periodic motion are denoted by ηηη i := ηηη(iτ) and yp,i := yp(iτ),
respectively. Due to the periodicity of the periodic term yp(t) =
yp(t+τ), thus, the sampled periodic terms are identical yp,i ≡ yp.
Therefore, Eq. (2) can be written in state form after stroboscopic
mapping as

yi = yp +ηηη i. (8)

The discretization is based on the a continous system (see Eq.
(4)), thus, ΦΦΦ is the projection of the monodromy operator, which
approximates the subspace of dominant modes. Its eigenvalues
estimate the dominant characteristic multipliers of the inifinite
dimensional monodromy operator U (τ). Note, that the sam-
pling strategy is equivalent to the discretized state representation
for n = 1 (see Eq. (5)). In this case, the size of the monodromy
matrix ΦΦΦ would be 2×2 with 2 dominant characteristic multipli-
ers µ , and the monodromy mapping is defined as

ηηη i+1 = ΦΦΦηηη i. (9)

Monodromy mapping
Note, that our goal is to determine the monodromy matrix

directly from the measured signal. For that the monodromy ma-
trix has to be expressed from Eq. (9). The basic concept is to
extend the monodromy mapping with further elements [15]: a
subsequent sampled perturbation state vector ηηη i+2 as

[
ηηη i+1 ηηη i+2

]
= ΦΦΦ

[
ηηη i ηηη i+1

]
, (10)

then, the monodromy matrix can be determined by means of an
inverse matrix calculation, reads as

ΦΦΦ =
[
ηηη i+1 ηηη i+2

][
ηηη i ηηη i+1

]−1
. (11)

a)

b)

transient + stationary vibrationhammer blow

stationary
solution

FIGURE 2. MEASUREMENT AND STROBOSCOPIC SECTION
BEFORE AND AFTER HAMMER EXCITATION

In case of prefect measurement data, it would provide the nec-
essary information, however, in practice some kind of averaging
method is necessary in case of noisy data. In order to improve
the determination of ΦΦΦ, more then 2 sampled vector are used

[
ηηη i+1 ηηη i+2 ... ηηηm+1

]︸ ︷︷ ︸
ΨΨΨi+1

= ΦΦΦ
[
ηηη i ηηη i+1 ... ηηηm

]︸ ︷︷ ︸
ΨΨΨi

, (12)

where ΨΨΨi and ΦΦΦ are 2×m and 2×2 matrices, respectively. Then
ΦΦΦ can be expressed by the following formula

ΦΦΦ = ΨΨΨi+1ΨΨΨ
†
i , (13)

where ΨΨΨ
†
i = ΨΨΨ

T
i (ΨΨΨiΨΨΨ

T
i )
−1 is the generalized inverse (or Moore-

Penrose pseudoinverse) of ΨΨΨi, which provides the solution in lin-
ear least square sense. Note, that ΨΨΨ

†
i is an m×2 matrix.

Theoretically, it is possible to perform the calculation for
larger sampled points (n > 1) within one period and predict 2n
number of multipliers, if m > 2n. However, for large n, the
convergence of the multipliers is insufficient because the cor-
responding transient motions die out quickly, hence, almost no
information of these modes can be extracted from noisy mea-
surement signal. However, only the dominant one is necessary
for stability prediction and n = 1 can be sufficient.

The problem is that the monodromy mapping (see Eq. (9)) is
valid for the perturbation components ηηη i only, however, it cannot
be measured directly from a milling operation. Therefore, it is
required to separate the measured vibration yi into periodic yp
and perturbed components ηηη i.
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Determination of the periodic component
In this section, the periodic term is derived in order to obtain

the perturbed components, only. The perturbed term is given as
(see Eq. (8))

ηηη i = yi−yp, (14)

and substituted into Eq. (9):

yi+1−yp = ΦΦΦ(yi−yp), (15)

from which, the periodic term can be expressed as

xp = (I−ΦΦΦ)−1(yi+1−ΦΦΦyi). (16)

However, ΦΦΦ is still unknown and the periodic term yp cannot be
separated from yi in this way.

From further investigation of (15), it can be seen that this
mapping can be interpretable as a transformation (or mapping)
which is composed of translation, rotation and scaling (stretch-
ing). The translation comes from the subtraction of the periodic
term yp, and the rotation and scaling (stretching) relate to the
monodromy mapping itself.

HOMOGENEOUS COORDINATE TRANSFORMATION
Using so-called homogeneous coordinates and applying ho-

mogeneous coordinate transformation is an appropriate method
for this kind of problems, since, a significant and practical fea-
ture of the homogeneous coordinate system is its fusion of the
translation, rotation and scaling (stretching) of geometric ob-
jects [21, 22]. Therefore, we extended the monodromy mapping
in the following form

[
yi+1

1

]
︸ ︷︷ ︸

xi+1

=

[
ΦΦΦ tp
0T 1

]
︸ ︷︷ ︸

Φ̂ΦΦ

[
yi
1

]
︸︷︷︸

xi

(17)

where xi ∈R3×1 and Φ̂ΦΦ∈R3×3 are the homogeneous representa-
tion of state variable yi and monodromy matrix ΦΦΦ, respectively,
and 0 is 2× 1 column vector of zeros. The homogeneous coor-
dinate transformation matrix Φ̂ΦΦ includes the monodromy matrix
ΦΦΦ at the upper-left corner, and a vector quantity tp ∈ R2×1 as-
sociated with translational offset due to the subtraction of the
periodic term at the upper-right corner. In this case, the transfor-
mation matrix Φ̂ΦΦ maps the periodic term into itself and the per-
turbed term according to the monodromy mapping. Note, that Φ̂ΦΦ

always has one eigenvalue with real part equals to 1 due to the
mapping of the periodic term.

Similarly as in the previous section, with more then 2 homo-
geneous coordinates are used in the form

[
xi+1 xi+2 ... xm

]︸ ︷︷ ︸
Xi+1

= Φ̂ΦΦ
[
xi xi+1 ... xm−1

]︸ ︷︷ ︸
Xi

, (18)

where Xi is a 3×m matrix. Then Φ̂ΦΦ can be expressed by

Φ̂ΦΦ = Xi+1X†
i . (19)

Note, that after pseudoinverse calculation, Φ̂ΦΦ preserves its orig-
inal form in the last row as [0T 1]. Therefore, the monodromy
matrix ΦΦΦ can be given by a partition of Φ̂ΦΦ according to Eq. (17).
In addition, the periodic term yp can be calculated as

yp = (I−ΦΦΦ)−1tp (20)

where tp = yi+1−ΦΦΦyi. Note, that the derivation of the periodic
term and the proof of Eq. (17) are presented in Appendix.

EXPERIMENTAL STUDY
In summary, with the help of the homogeneous coordi-

nate transformation, the monodromy matrix and the correspond-
ing characteristic multipliers can be approximated directly from
measurement signal without applying any separation or subtrac-
tion of the periodic term. In this section, the proposed method
is applied on a measurement of a stable machining process for a
measurement setup which can be found in [19].

Measurement problem
Technological parameters of the applied experimental pro-

cess was the followings: two-fluted tool N = 2 with diameter
D = 16 mm and straight edge during down-milling operation, ra-
dial immersion ae = 2 mm, axial immersion ap = 1.5 mm, feed
per tooth fz = 0.05 mm and spindle speed Ω = 8052 rpm.

During the milling process with straight tool path (see Fig.
1), the acceleration of the SDoF flexure is acquired by NI cDAQ-
9178 Chassis with NI 9234 Module at 52kHz sampling rate and
PCB 352C23 type sensor. In the signal, double integration and
high-pass filter is applied to obtain the position and velocity sig-
nal. Fitted modal parameters of the SDoF system are: natural
frequency ωn = 259.96 Hz, modal mass m = 2.701 kg and rela-
tive damping ratio ζ = 0.71 %.

For the proposed method, it is necessary to excite the system
during stable machining operation. This is carried out by means
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of simple hammer blow on the text rig along the flexible direction
y, and the resultant time signal is shown in Fig. 2a. The response
after excitation is characterized by means of stroboscopic sam-
pling with sampling frequency fstr = 268.4054 Hz (see Fig. 2a
red dots), and the monodromy matrix can be calculated by Eq.
(19).

The selected range of the sampled points can influence the
monodromy matrix calculation because all measurements are
loaded with uncertainty and inaccuracy. In order to investigate
the accuracy of the method and to eliminate the influence of the
human factor in the range selection, the dominant multipliers are
determined for 5 thousand different cases. The selected range
is generated by randomly varying initial point (ti) and random
number of sampled data m.

Figure 3 presents the identified multipliers in the complex
plane with their probability density function (PDF). It can be
seen that the variance of PDF along the imaginary axis are
smaller compared to the real one. Since, in the presented case,
the imaginary part of the multiplier is more related to the fre-

a)

iteration number

b)

FIGURE 5. ITERATIVE METHOD TO APPROXIMATE THE
DOMINANT MONODROMY MULTIPLIER

quency of the self excited vibration, it means that the method can
give a better estimation for the chatter frequency, than for the de-
cay ratio |µ|. The deviation of modulus is visualized by plotting
them in a sorted order, as shown in Fig. 4, which clearly shows,
that most of the fitted values are dense in the range [0.975−0.99].
The reason of the large deviation in the fitted values are detailed
in Subsection .

The actual value of the detected µ could be approximated
by simple average of the 5 thousand fitted values, however, the
mean value can be influenced significantly by badly fitted points
which are relatively far from the average value. Therefore, those
outlying points are dropped out, for which the distance from the
mean value are larger then 95% of the maximal distance. The
procedure is performed iteratively to reach better approximation
and the result is visualized in Fig. 5a, where the absolute value
and their standard deviation of the multiplier is plotted against
the number of iteration. Figure 5b shows the number of the re-
maining samples after dropping out the farthest ones.

Accuracy and nonlinearities
The reason for the high deviation in the detected multipli-

ers can be found in the number of the selected points. The un-
certainty is high if too short range is used for the monodromy
matrix determination, therefore a few points are utilized for the
calculation. This phenomena can be is noticed in Fig. 6, where
the sampled time signal plotted in the bottom left panel, the
used ranges are presented with vertical black lines in the bot-
tom right panel and the corresponding detected multiplier visu-
alized directly above it. One test case is highlighted with red
color, where the selected range for the monodromy calculation is
i = [105−178] and the identified multiplier is |µ|= 0.985. Note,
that the detected multipliers are sorted by the length of the used
range (or the number of selected points m). This way, it can be
noticed that for too small selected range, the deviation is signifi-
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FIGURE 6. THE CALCULATED MULTIPLIERS ARE SORTED
BY THE LENGTH OF THE SELECTED RANGE. A TEST CASE IS
HIGHLIGHTED WITH RED COLOR TO PRESENT THE RANGE
SELECTION PROCEDURE

cant. There is a critical range size (m ≈ 20), after which the de-
viation is almost constant. For further investigation, calculations
based on range smaller then the critical one, the corresponding
multipliers are neglected.

The source of this constant deviation can be revealed in Fig.
7, where the identified multipliers are sorted by the mid point of
the selected range. Black color refers to all cases and red color
considers cases only, where the length of the selected range is
limited by the third of the maximum. This case is similar to a
moving rectangular window function along the transient vibra-
tion. It can be seen from the calculated multipliers, that they are
shifted from 0.975 to 0.99 as the window function moving from
large amplitude vibrations to small amplitude ones. It means that
the relating damping factor of the corresponding transient vibra-
tion getting lower in case of smaller vibration amplitude. One
explanation can be that the magnitude of the multiplier (and also
the corresponding damping ratio) depends on the amplitude of
the perturbed vibration, which refers to the presence of nonlin-
earity.

CONCLUSION
In the present study, a chatter detection method is pro-

posed, which is capable to give a quantitative measure of stabil-
ity through the approximated dominant characteristic multiplier,
so, it is comparable to the theoretically predicted stability charts.
The projection of the monodromy operator, which approximates
the subspace of dominant modes is introduced and the dominant
multipliers are determined based on measured data with pseu-
doinverse calculation. Homogeneous coordinate representation
is introduced for the parameter identification, which is suitable to
separate directly the periodic and perturbed vibration in milling
operations.

FIGURE 7. THE IDENTIFIED MULTIPLIERS ARE SORTED BY
THE MID POINT OF THE SELECTED RANGE. RED COLOR REP-
RESENTS A MOVING WINDOW FUNCTION ALONG THE TRAN-
SIENT VIBRATION AND THE CORRESPONDING DETECTED
MULTIPLIERS

The accuracy of the calculation process is tested on a mea-
surement case study, and the characteristic properties of the
method are also explained in details. Finally, with the help of
the provided method, vibration-amplitude-dependent nonlinear
behavior of the perturbed solution is identified.
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APPENDIX: Determination of the periodic component
The monodromy mapping using homogeneous coordinates

(see Eq. (17)) can be given as

[
ηηη i+1

1

]
︸ ︷︷ ︸

ξξξ i+1

+

[
yp
0

]
︸︷︷︸

xp

= Φ̂ΦΦ

([
ηηη i
1

]
︸︷︷︸

ξξξ i

+

[
yp
0

]
︸︷︷︸

xp

)
. (21)

The homogeneous coordinate transformation matrix (or map-
ping) Φ̂ΦΦ can be decomposed as

Φ̂ΦΦ = Φ̂ΦΦξ + Φ̂ΦΦp, (22)

where Φ̂ΦΦξ relates to the monodromy mapping between the per-
turbed terms, formulated as

Φ̂ΦΦξ =

[
ΦΦΦ 0
0T 1

]
, (23)

and Φ̂ΦΦp connects to the translation (subtraction) of the periodic
term, reads as

Φ̂ΦΦp =

[
O tp
0T 0

]
, (24)

where O is an 2×2 null matrix. Substitute Eq. (23) and (24) into
Eq. (21) yields

ξξξ i+1 +xp = Φ̂ΦΦξ ξξξ i + Φ̂ΦΦξ xp + Φ̂ΦΦpξξξ i + Φ̂ΦΦpxp. (25)

Using, that Φ̂ΦΦξ ξξξ i = ξξξ i+1, Φ̂ΦΦpξξξ i = [tp 0]T and Φ̂ΦΦpxp = 0, the pe-
riodic term xp can be expressed as

xp = (I− Φ̂ΦΦξ )
−1
[

tp
0

]
(26)
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Further investigation of Eq. (26), it is straightforward that the
periodic component can be calculated as.

yp = (I−ΦΦΦ)−1tp (27)

Using Eq. (16) and Eq. (27), tp can be expressed as

tp = yi+1−ΦΦΦyi. (28)
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