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Abstract Stabilization of a pinned pendulum about its
upright position via a reaction wheel is considered, where
the pendulum’s angular position is measured by a single
accelerometer attached directly to the pendulum. The control
policy is modeled as a simple PD controller and differ-
ent feedback mechanisms are investigated. It is shown that
depending on the modeling concepts, the governing equa-
tions can be a retarded functional differential equation or
neutral functional differential equation or even advanced
functional differential equation. These types of equations
have radically different stability properties. In the retarded
and the neutral case the system can be stabilized, but the
advanced equations are always unstable with infinitely many
unstable characteristic roots. It is shown that slight model-
ing differences lead to significant qualitative change in the
behavior of the system, which is demonstrated by means of
the stability diagrams for the different models. It is concluded
that digital effects, such as sampling, stabilizes the system
independently on the modeling details.
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1 Introduction

Functional differential equations (FDEs) describes systems,
where the rate of change of the state depends on the state at
deviating arguments. Typically these equations can be cat-
egorized into three groups [1,2]. (1) If the rate of change
of the state depends on the past state of the system, then the
corresponding mathematical model is a retarded functional
differential equation (RFDE). (2) If the rate of change of
the state depends on the past values of both the state and
its rate of change then the governing equation is called neu-
tral functional differential equation (NFDE). (3) If the rate
of change of the state depends on the past values of higher
derivatives of the state then the system is described by an
advanced functional differential equations (AFDEs). A pos-
sible representation of these equations is

x(t) =f(x(),x(t — 1), x(t — 1), X(t — 1)), (1)

where x € R" is the state variable and t is the time delay.

While retarded and neutral FDEs are often used to model
different phenomena in engineering and physics, advanced
FDEs rarely show up in engineering applications due to their
inverted causality, which can be demonstrated by the follow-
ing example. Consider the simple scalar AFDE

x(t) =Xt —r1). 2)

Here, the change of rate of the state (say velocity) at time
instant ¢ depends on the second derivate of the state (say
acceleration) at time instant f — 7. By a time-shift transforma-
tion f = ¢ — 7 and by introducing a new variable z(¢) = x(¢)
the equation can be written in the following form

() =z(f+ 1), 3)
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where ’ stands for derivation with respect to 7. Thus, the rate
of change of state is determined by the future values of the
state, which explains the terminology advanced.

While stability properties of RFDEs and NFDEs depend
on the system and control parameters, AFDEs are always
unstable with infinitely many unstable characteristic roots
[3,4]. Therefore real physical problems are usually described
by RFDEs or NFDEs (see, e.g., Xu et al. [5], [6]). For
instance, if the displacement and the velocity is fed back
with a delay in a second-order system, then the govern-
ing equation is a RFDE [7,8]. If the acceleration is also
fed back with delay, then one obtain a NFDE. In the case
when the jerk (the first derivative of the acceleration) is fed
back with delay, then the governing equation becomes an
AFDE.

In this paper, a balancing task is modelled using differ-
ent concepts resulting in a variety of governing equations
involving RFDEs, NFDEs and AFDEs. The model under
investigation is originated from the model used in [9].
Namely, it is assumed that the angular position of the bal-
anced body is measured by an accelerometer. However, as
opposed to the model in [9], where a static model of the
accelerometer was used, here we model the accelerome-
ter as an oscillator. Both continuous-time (analogue) and
discrete-time (digital) feedback mechanisms are investigated
for different sampling concepts and it is shown that discrete-
time sampling has major effect on the stability properties.
The different models are compared by means of stability
diagrams.

2 Mechanical models

A simple mechanical model of balancing tasks is shown in
Fig. 1. The body to be balanced is pinned at point O and a
control torque Q is provided by areaction wheel (also called
inertial wheel) connected to the body at point B. The reaction
wheel is driven by a DC motor, whose torque is assumed to
be controlled directly. Due to the action-reaction effect, this
mechanism can be used to apply a control torque on the body
(see, e.g., [10]). The angular position ¢ of the body versus
vertical is measured by an accelerometer, which is modelled
as a spring-mass system, attached to the body at point A. The
output signal y of the accelerometer, which is used as input
in the controller, is assumed to be proportional to the relative
displacement & of the block of mass m in the piezo-ceramic
crystal such that

y = Kié, “

where K, [V/m] is the characteristic constant of the acc-
elerometer. The control mechanism is realized with a simple
PD controller. It is assumed that the angular position and the

;\;
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accelerom

pinned body

Fig. 1 Mechanical model: the pinned body, the accelerometer and the
reaction wheel

angular velocity of the reaction wheel is not controlled. The
linearized equations of motion reads

(o +moa®) (o) + moak o)

— (mgH —moga) p(t) —mogk(t) = Q(1), ©)

moad(t) + mok (t) + koé (1) — moge(t) + so& (1) = 0,
(©6)

where m is the mass of the body, H is the distance between
the center of gravity C and the pivot point O, J, is the
mass moment of inertia with respect to the axis o normal
to the plane of the figure through point O of the pendu-
lum, mg, so and ko are the modal mass, the stiffness, and
the damping parameters of the accelerometer and a is the
distance between the suspension point O and the accelerom-
eter. The parameters of the body are fixed to H = 0.2 m,
m = 0.5 kg and J, = 0.2 kgm?. The modal mass and stiff-
ness parameters of the accelerometer are taken from [11], as
mo = 9.65 x 1077 kg and s = 141 N/m, while the damp-
ing parameter is set to kp = 0.01 Ns/m. The parameters m,
H, J,, mg, so and ko are fixed during the study, while the
different values of a are investigated.

The control torque Q is calculated using the output y
of the accelerometer according to the PD feedback scheme
Q = Py + Dy, where P and D are the proportional and the
derivative control gains. The idea behind this feedback is that,
in case of a fixed position ¢ = ¢* with ¢* # 0and |¢*| being
small, the displacement £ and therefore the output y are pro-
portional to the angular position ¢. Four different concepts
are considered for the calculation of the control torque Q.
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(C1) Real-time analogue control:
Q) = Py@)+ D y@). (N
(C2) Analogue control with a constant feedback delay t:
Q)=Pyt—0)+ Dy —1). ®)

(C3) Discrete-time control with sampling period & and with
feedback delay:

Q@) =Pytj—r)+Dytj—r), teltjtjt1),
tj=jh, jeZ®. &)

Here r € N is the delay parameter and T = rh is the
feedback delay.

(C4) Discrete-time control with numerically calculated der-
ivative term:

y(tj—r) — y(Etj—r-1)
h 9

Q) =Pytj—r)+D

t€ltj, tjt1),
tj=jh, jeZ. (10)
The fact that the characteristic time constant of the
accelerometer (1/4/s9o/mg) is smaller by a factor of 5000
than that of the pinned body (1//mgH/J,) implies that
the dynamic effect of the accelerometer can be neglected.
Based on this concept, we consider four different models by
neglecting terms involving the dynamic parameters of the
accelerometer.

(M1) In a quasi-static model, we assume that all the terms
involving mq and kg are negligible except for the static
term moge(t) in Eq. (6). In this case Eq. (5) can be
simplified to

Jogp(1) —mgHo(t) = Q(1), (11)

while Eq. (6) gives
£ = 2840, (12)
50

This model with control concepts C1, C2, C3 and C4
gives respectively the models 1.0, 1.1, 1.2 and 1.3
analyzed in [9].

(M2) In a semi-quasi-static model, we assume that again all
the terms involving mq and ko are negligible except
for two terms, namely, the static term mgg(¢) and the
dynamic term moa¢(t) in Eq. (6). The corresponding
equation of motion is the same as (11), but the dis-
placement & can now be given as a linear combination
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of the angular displacement and angular acceleration
as

£0) = 22800 — %), (13)
S0 S0

This model gives cases 2.0, 2.1,2.2 and 2.3 in [9]. The
combination of model M2 with control force models
C2 and C3 resultsin an AFDE and in an NFDE, respec-
tively. For more details on these models, see [9]. Note
that if @ = 0 then models M1 and M2 are identical.

(M3) Anextension of model M2 is that only the term moé (1)
is neglected in Eq. (6), and the term ko& (1) is left
unchanged. In this case the system is governed by Eq.
(11) together with

moad (1) + ko€ (1) — moge(1) +505(1) =0,  (14)

This model corresponds to a 1.5-degree-of-freedom
dynamical system, since only the first derivative of the
state variable £(¢) shows up in the governing equa-
tions. Although the validity of this model might be
questionable, it provides a transition between model
M2 and model M4 with some interesting features.

(M4) No terms are neglected in Egs. (5) and (6). This model
corresponds to a 2-degree-of-freedom dynamical sys-
tem with generalized coordinates ¢ and &.

Models M1 and M2 were already analyzed in details in
[9]. Here, we extend the analysis by models M3 and M4,
which together with the four models of the control force
give eight different cases. Different models are named by
combining the above notations. For instance, M3C1 refers to
mechanical model M3 with control force model C1.

3 Analysis of the different models

In this section all combinations of the mechanical models and
control concepts listed in Sect. 2 are discussed and their sta-
bility properties are investigated by means of stability charts.
The equations of motion is written in the state space form

x(t) = Ax(t) + BQO(1), (15)

where the state variable x and the matrices A and B is given
for the individual model combinations.

3.1 Mechanical model M1

In this model, the system is governed by (15) with

IR A
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where B = 1/J, and

mgH 1
b= = 4.905 2 A7)

o]

is the system parameter. The output signal of the acceleration
can be given using (4) and (12) as

K.
_ alog 0 (18)
S0
Since model M1 is a special case of model M2, the properties
associated with different control models are not detailed here.

3.2 Mechanical model M2

This model is governed by (15) with A and B given in (16)
as in model M1, but here the output of the acceleration is
determined by (4) and (13), which give

Kymog K.moa ..

y= @ . (19)
50 50

The special case a = 0 gives model M1.
3.2.1 Model M2C1
In model M2C1, the acceleration signal y and its derivative

y are fed back without any delay. Consequently, the control
torque can be given as

0(t) = K(x(t) — exX(1)), (20)

where

e=2 1)
8

is a parameter proportional to distance a between the sus-
pension point and the accelerometer and

K=[-p —d] (22)
with
K K
p= amog P, d= amog D. (23)
S0 50

The characteristic equation of the system can be written in
the form

D) = —ed\> + (1 —ep)A> +dri+ (p—b) =0. (24

If ¢ # 0, then the system is unstable independently of the
other parameters. If ¢ = 0 (this case give model M1C1),
then the system is asymptotically stable if and only d > 0
and p > b.

3.2.2 Model M2C2

In case of model M2C2, the delay of the feedback loop is
also involved into the model, and the control torque has the
form

0() =KEx( — 1) —eX(t — 1)), (25)
The characteristic equation in this case reads

D\ = —ede ™13 + (1 — epe ™ T)A2 + de A
+(pe " —b) = 0. (26)

The case ¢ = 0 gives model M1C2, which is the basic
equation for balancing problems in the presence of feed-
back delay [12]. The stability regions in the plane (p, d)
are bounded by the line p = b and the parametric curve

(w* +b)

w

p= (a)2 +b)coswt, d= sin wt, 27

with w € R*. The corresponding stability charts can be seen
in Fig. 2 with T = 0.2 s. Itis known that this system is always
unstable if the system parameter b is larger than the critical
value bere = 2/72 (see [13]).

If ¢ # 0 (the case of M2C2), then the highest derivative
appears with a delayed argument, thus the governing equa-
tion is an autonomous AFDE. Consequently this system is
always unstable with infinitely many unstable roots (number
of unstable roots, NUR = 00), if ed # 0.

3.2.3 Model M2C3

In engineering applications, feedback loops are typically
implemented using digital controllers [14—-16]. In this case,
the system is governed by (15) with (9). Due to the piecewise-
constant forcing, this system can be solved as an ODE over a
samplinginterval [¢;, f;+1) and,if7 > 1, afinite-dimensional
discrete map can be constructed in the form

Xjy1 T P 0yx2 0251 ... 0051 RB] X;
X1 A’P 05,2 021 ... 025 SB X
0; K —¢K 0 ... 0 0 |]|Qj
Qj-1 T 012 012 1 0 0 Qj-2
1Qjrt1] [01x201x2 0 ... 1 0 |[0Qj-]
Pn2cs
(28)
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Fig. 2 Stability boundaries and M1C2 M1C2
the number of unstable roots 100
(NUR) for M1C2 8 \3f

50

| \T/
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Fig. 3 Stability boundaries for M2C3 = i _
MIC3 (¢ = 0) and M2C3 (e=2) M2C3 (r=5)
(s = %) witht =0.2's 12 12
Stable Stable
10 10
8 8
~ 6 =10 ~ 6 i
4 =5 4 o
2 2
OUnstable OUnstable
5 10 15 20 5 10 15 20
p p
where x; = x(t;), X; = X(t;), Q; = O(t)), _Xj+1_ P 0242 0241 ... RBK| RBK2_
ij.;,_] AZp 0542 0241 ... SBK| SBK»
h
P_cAt R— / AG=9) g Qj | | € =€ 0 ... 0 0
, 0 Oj—1| " |01x2 0152 1 ... O 0
S = / AZeA=9gs L A, (29) : : :
0
| Qj—r | [0ix2 012 O ... 1 0 |
and 0,,,,, is a n x m zero matrix with n,m € Z%*. This Brics
discrete map corresponds to the semidiscretization of model _ -
M2C2 [12]. The stability of the system can be defined by Xj
the eigenvalues of the monodromy matrix ®ypc3 in (28). X;
The system is asymptotically stable if all the eigenvalues 0j-1
are in modulus less than one. Some sample stability charts 0o | 30)
are presented in Fig. 3 for different &, and for different » !
parameters. :
_Qj—r—l_

3.2.4 Model M2C4

In this case, the system is governed by (15) with (10). where 0 = ¢(1j) — e¢(t;), P, R, S are defined in (29) and
Similarly to model M2C3, the solution can be given over

a sampling interval [¢;,7;41), and, if » > 1, a finite- p+d

d
dimensional discrete map can be constructed in the form C;=[10], Ki= 5 K, = 7 (3D
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Fig. 4 Stability boundaries for

M2C4 (e = & _
MIC4 (¢ = 0) and M2C4 g ( 2g) q M2C4 (r =5)
(s = %) with t = 0.2s
6 Stable 6
=4 r=1 =4 Stable j_
e=20
_ H
Z Ao —T =5 2 — T
Unstable Unstable
0 0
0 5 10 15 0 5 10 15
p p

The stability of the system can be defined by the eigenval-
ues of the monodromy matrix ®ppc4 in (30). Some sample
stability charts are presented in Fig. 4 for different ¢, and for
different r parameters.

3.3 Mechanical model M3

Equation (11) with (14) can be written in the state space form
of (15) with

(o 0 10
x=|¢|, A=]| b 0 0],
(g—ab)
¢ migeh o g
0
B=| B |. (32)
__mgaB
L ko

This model corresponds to a 1.5-degree-of-freedom dynam-
ical system. The output of the accelerometer is given by (4),
which is used as input for the different control torque models.

3.3.1 Model M3C1

Equation (15) with (32), (7) and (4) yields the characteristic
equation of form

Bd B
D = (1 =209 ) 3 4 (0 _T04PP ) 52
ko ko ko

mogBd mogBp 50
—b A —b— ) =0.
+< ko ) * ( ko ko)

It can easily be see that this system is unstable for any control
gain parameters p and d.

3.3.2 Model M3C2

Equation (15) with (32), (8) and (4) gives a system of NFDEs.
The associated characteristic equation reads

DO = <1 _ moaBd e_)‘f> 3 (so _ moaBp e_)‘f) 32

ko % ko
mogBd _,. AT
ko
4 (O8BP ie %0 2 (34)
ko ko '

The so-called D-curves, which separate the regions with dif-
ferent NUR in the plane (p, d), are the line p = Hmsg/(mo)
and the parametric curve

B (@2 + b)(sp cos wt — kow sin w7)
- Bmo(g + acw?)
_ (w? + b) (kow cos wT + sq sin wT)

: (35)

d

Bmow(g + aw?) (36)

with @ € RT. Note that this system is always unstable with
NUR= oo if 1 < |mpaBd/ko|. If 1 > |moaBd/kg|, then
the system can be stabilized by a properly chosen pair (p, d).
A sample stability chart can be seen in Fig. 5, which shows
the D-curves for ¢ = a/g = 3 x 107 1/s and for T =
0.2 s. It can be shown that the system has infinitely many
unstable roots if d > |koJ,/(moa)| and it has finite NUR if
d < |koJo/(moa)l.

3.3.3 Model M3C3

Piecewise solution of Eq. (15) with (32), (9) and (4) over a
sampling period gives the finite dimensional discrete map

@ Springer
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Fig. 5 D-curves and the NURs
for M3C2 with7 =0.2 s

M3C2 (e =3 x 1079

-200 -100 0 100 200 0 5 10 15
p p
Fig. 6 Stability boundaries for M3C3 ) _
M3C3 with 7 = 0.2 s (€= 2 M3C3 (r =5)
12 12
Stable Stable
10 10
8 _r =20 8 / €= 2%
~ 6 r=10 = 6
4 r=25 4
2 1 2
OUnstable OUnstable
5 10 15 20 5 10 15 20
p p
[ xj11 | [ P 03x3 03x1 ... 031 RB] The stability of the system is determined by the eigenval-
%11 AP 033 03, ...05,, TB ues of the? monodromy. matrix <I>M3c3 in (37). Th.e system is
asymptotically stable if all the eigenvalues are in modulus
Qj —pC;3 —dC; 0 0 0 less than one. Some sample stability charts are presented in
Q-1 T 013 01x3 1 0 0 Fig. 6 for different ¢ and for different r parameters.
Model M3C4
| Oj—r+1 | 01x3 01x3 O I 0 | . _ .
Equation (15) with (32), (10) and » > 1 generates the discrete
Pm3c3 map
Cx
X _Xj+1_ [ P 034 ...RBK| RBK; ]| [ X; T
J
i C 0 0 0 i
0 0, 3 Qj-1
0 (37 Qj—1| =|0ixz 1 0 0 Qj—2 |,
0 1 Qj—] [0ix3 O 1 0 11LQj—r—1]
L&)
L SVEle
(39
where P and R are defined in (29) with (32) and
where P and R are defined in (29) with (32), and K| and K,
h A are defined in (31). The stability of the system is determined
T:/ Aerds +1,  C3=[001]. (38
0
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Fig. 7 Stability boundaries for M3C4 (¢ = & _
M3C4 with 7 = 0.2 s (€ =2 M3C4 (r =5)
8 8
6 Stable 6 Stable
<4 r=1 <4
H
2 S —T =5 2 T
Unstable Unstable
0 0
0 5 10 15 0 5 10 15
p p

The stability charts are presented on Fig. 7 for different £ and
for different  parameters.

3.4 Mechanical model M4
The full dynamics of the system shown in Fig. 1 can be

modeled as a 2-degree-of-freedom system. Equations (5) and
(6) can be written in the form of (15) with

17 0
_|& _ 0
X = ol B= B , (40)
é —moaB
and
0 0 1
A= 0 0 0
- b B(gmo + aso) 0
(g —abymg —aBmgy(gmo+asg) —so O

It can be shown using the Routh—Hurwitz criteria that this
system cannot be stabilized with any control parameters, sim-
ilarly to model M3C1.

3.4.2 Model M4C2

When the feedback delay is also involved into the model,
then Eq. (15) with (40-41) and (8) with (4) gives a sys-
tem of RFDEs. The associated characteristic equation has the
form

0
1

aBk “D

—ko(a®?Bmo + 1)

3.4.1 Model M4C1

Equation (15) with (40-41) and (7) with (4) yields the char-
acteristic equation of form

k
D) =3t + (—O taBd + aszo) A3
m

+ (aBgmo + a’Bso + 2 +aBp — b) e
mo

k
- (ango + Bgd + b—0> A
mo
- <ng + Bg*mo + aBgso + bs—o) —0. (42
mo

k
D) = a4+ (—O + aBde " + asz()) PE
m
+ (aBgmo +a’Bso + LU aBpe ™" — b) 22
mo

k
- (ango + Bgde ™7 + b—0> A

mo
- <nge)‘r + Bg?mo + aBgso + bs—o) =0.
mo
(43)
The D-curves separating the regions with different NUR

in the plane (p, d) are the line p = mHsy/mqy + mog + aso
and the parametric curve
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Fig. 8 Stability boundaries and

the number of unstable roots 10
(NUR) for M3C2 with 8
7=02s,00=5Hz 7 6 7 6
5
6
)| ¢ ;
f———>
= 0 =g
2
-5 5 6 2 3 4
—-10 0
-50 0 50 0 5 10 15
p p
Fig. 9 Stability boundaries for M4C3 =i _
M4C3 with 7 = 0.2's (€= z,) M4C3 (r=5)
12 12
Stable Stable
10 10
8 _r =20 8 €= 4
~ 6 r=10 6
4 r=2>5 4
2 1 2
0 Unstable OUnstable
5 10 15 20 5 10 15 20
p p

(0)4 + w? (so — b+ agmy+ Bazso) + brfi—% + gmo + as0> coswt — kow (mio +aBg + (mlo + a2B) a)2> sin ot

p:

B(g + aw?)

’

(44)

(a)4 + w? (so —b+agmy+ Bazso) + brfl—% + gmo + aso> sinwt — kow (m% +aBg + (mlo + azB) a)2> CoS wT

d:

Bw(g + aw?)

(45)

with @ € RY. Stability properties of the system depends on
the dynamic properties of the accelerometer, which can be
characterized by its natural frequency ag = +/s0/mo/(27).
For large «p, the system is unstable for any control gain
parameters with finite NUR. The actual parameters of the
accelerometer taken from [11] gives ogp = 2 kHz, for which
model M4C2 is unstable. As « is decreased, the NUR is also
decreased, but the system remains unstable for any small .
A sample stability chart with the NURs can be seen in Fig. 8
fore = %, v = 0.2 s, and g = 5 Hz. It can be seen that the
D-curves goes through the origin (p, d) = (0, 0) and there
is no region with zero NUR. Here, the NUR was determined
using Stepan’s formula [17]. For more technical details on
these formulas see [18] and [19].

@ Springer

3.4.3 Model M4C3

Piecewise solution of Eq. (15) with (40), (41) and (9) withr >
1 and (4) over a sampling period gives the finite dimensional
discrete map

Xj+1 P 0441 ...044x1 RB X;
0; C, 0 ...0 0|0
Qj-1 | =|0ix4 1 0 0 ]1Qj—2]|, “6)
Qj—r+1 Oixa O ... 1 O Qj—r
Pracs
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Fig. 10 Stability boundaries M4C4 (e = & _
for M4C4 with 7 = 0.2 s . (€= 2 o M4C4 (1 =5)
6 Stable 6 Stable
<4 r=1 <4
2 __r=5 2 £= 1
Unstable Unstable
0 0
0 5 10 15 0 5 10 15
p
Mi1C1 M1C2 M1C3 M1C4
10 Stabl 0 (RFDE) 0 Stabl 10 Stabl
X able oF—— X able 0 able
~ 6 6 6 - 6
4 4 Stable 4 4
2 2 2 2
0f-Uns. 0f-Unstable 0f-Unstable of-Unstable
0 5 15 0 5 10 15 0 5 10 15 0 5 10 15
p p p
M2C1 M2C2 M2C3 M2C4
10t Unstable f 11 10f Unstabl ith 10 10
peante fora S heranie W Stable Stable
8t(p,d) glinfinitely 8 8
- 6 parameters 6| many unstable 6 < ©
4 4fpoles 4 4
2 2 2 2
0f- 0 (AFDE) 0 Unstable 0 Unstable
0 5 15 0 5 10 15 0 5 10 15 0 5 10 15
P p P
M3C1 M3C2 M3C3 M3C4
T
10 Unstable for all 10 .Unst‘.able with 10 Stable 10 Stable
8t(p,d) gftinfinitely 8 8
. 6 parameters 6| many unstable 6 < 6
4 4f poles 4 4
2 2f 2 2
0f: 07(NFDEj 0 Unstable 0 Unstable
0 5 15 0 5 10 15 0 5 10 15 0 5 10 15
P P P
M4C1 M4C2 M4C3 M4C4
{
10f Unstable f 11 10f Unstabl ith 10 10
netable fota n‘s‘a e Stable Stable
8ti(p,d) 8t finitely 8 8
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Fig. 11 Stability diagrams of the different models
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Fig. 12 Time histories for models M3C3, M3C4, M4C3, and M4C4 for p = 5.1,d = 1.7, r = 5 and initial condition ¢ (¢) = 0 for ¥ € [—1, 0)

and ¢(0) = 0.01 rad

where P and R are defined in (29) with (40) and (41) and

Cy=[0-p0—d]. 47)
The stability of the system can be defined by the eigenval-
ues of the monodromy matrix ®yj4c3. Some sample stability
charts are presented in Fig. 9 for different ¢, and for different
r parameters.

3.4.4 Model M4C4

Equation (15) with (40), (41) and (10) with » > 1 and (4)
induces the discrete map

Xjt1 P 044; ... RBK; RBK; X

0; Cs 0 ... 0 0 0

Qi1 =|0ixa 1 ... O 0 Qj—2 |,

Qj—r 054 0 ... 1 0 Qj—r—1
DPriacy

(48)
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where P, R are defined in (29) with (40) and (41) and K| and
K2 are givenin (31) and C4 = [0 10 0]. The stability of the
system is determined by the eigenvalues of the monodromy
matrix ®pac4. Some stability charts are presented on Fig. 10
for different ¢, and for different » parameters.

4 Comparison of the different models

Four different mechanical models (M1-M4) subjected to
four different control concepts (C1-C4) were analyzed for
the balancing task shown in Fig. 1. The main differences
in the mechanical models is the model of the accelerom-
eter, which is used to measure the angular position of the
body to be balanced. The stability properties of the different
modeling concepts were illustrated via stability diagrams in
the plane of control parameters. A summary of the results
are shown in Fig. 11. Each panel corresponds to one of the
sixteen models. Models MICI-M1C4 and M2C1-M2C4
were already investigated in [9]. An interesting feature is
that a slight difference in the modeling concepts changes
the dynamic behavior of the model radically. While model
M2C1 cannot be stabilized for any control gain parameters
and model M2C2 is unstable with infinitely many unsta-
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ble characteristic roots, the introduction of sampling effect
described by models M2C3 and M2C4 stabilizes the system.
The main contribution of this paper is that the mechanical
model is extended with a more detailed dynamic model of
the accelerometer.

Models M4C1-M4C4 describes the accelerometer as an
oscillator, while models M3C1-M3C4 neglects some terms
in the modeling equations. Omission of further terms yields
models M2C1-M2C4 and M1C1-M1C4. These models set
up an interesting transition shown by the vertical columns in
Fig. 11. The transition M1C1-M2C1-M3C1-M4C1 shows
that, for control concept model C1, when the feedback delay
is neglected (v = 0), only model M1 can be stabilized and
models M2, M3 and M4 give unstable system for any control
gain parameters.

An interesting transition between the models is given
by the series M1C2-M2C2-M3C2-M4C2, which results in
RFDESs, AFDEs and NFDE:s of qualitatively different asymp-
totic properties. Model M1C2 is described by an RFDE,
which can be stabilized by properly chosen control gains.
Model M2C2 is governed by an AFDE, which is associated
with infinitely many unstable characteristic roots indepen-
dently on the control parameters. Model M3C2 is governed
by an NFDE, which can be stabilized if the derivative con-
trol gain is less than a critical value otherwise the system is
unstable with infinitely many unstable characteristic roots.
Model M4C2 is described by an RFDE, but the system
cannot be stabilized since any control gains combinations
gives a system with finitely many unstable characteristic
roots.

The stability diagrams for models M1C3-M4C3 and
M1C4-M4C4 shows that the qualitative differences between
the different mechanical models disappear when the sam-
pling effect of the (digital) controller is involved into the
model. For control concept model C4, when the digital
effect is combined with a discrete calculation of the angu-
lar velocity, the stability diagrams for mechanical models
M2, M3 and M4 are practically identical. This kind of sta-
bilizing effect of the digital controller might be associated
with the stabilizing effect of parametric forcing. This phe-
nomenon is often demonstrated by the parametrically forced
inverted pendulum, which is governed by the Mathieu equa-
tion (see, e.g., [12]). The piecewise constant state variable
X(tj—r) = x(t; —rh) over the interval t € [¢;, j41) can also
be written as x(t — p(¢)), where p(¢) = rh+t—Int(¢/h) isa
time periodic delay and Int denotes the integer part function.
Thus, digital sampling actually introduces an i-periodic time
delay, which is a kind of parametric forcing in the feedback
delay.

In order to illustrate the stabilization of the digital effect,
time histories are shown in Fig. 12 for models M3C3, M3C4,
M4C3, and M4C4 with the same control gain parameters
taken from the stable region and with same initial condi-

tions. It can be seen that control concepts C4 have better
performance with respect to overshoot and settling time.

In practice, different behavior of a real structure and its
mathematical model is often attributed to the unmodeled
dynamics or noise. In this paper, these unmodeled dynamics
were partly modeled and their effect on the system behav-
ior was analyzed for a simple balancing task. It was shown
that slight modeling details may have a significant effect
on the qualitative properties of the model for a given con-
trol concept model, but these differences vanishes when the
sampling effect of the digital controller is involved into the
model.
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