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Chatter frequencies of milling operations and their strengths are analysed using the semi-discretization
method. It is known that milling processes, being parametrically excited systems, are theoretically
associated with inﬁnitely many chatter frequencies that are given as a base frequency plus an integer
multiplier of the tooth passing frequency (or the characteristic frequency of the cutter) according to the
Floquet theory [1]. The dominant vibration frequencies that are usually associated with chatter
frequencies are, however, hidden among the inﬁnitely many harmonics. In this paper, it is shown that
the amplitudes corresponding to the individual frequency harmonics can be determined in a simple
way by analysing the eigenvectors of the Floquet transition matrix obtained by the semi-discretization
method without increasing the computational cost. The method can be used to determine the dominant
frequency components that help in the identiﬁcation of the interactions between different modes and
the spindle speed.
& 2011 Elsevier Ltd. All rights reserved.
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1. Introduction
It is well known in the industry that besides the power and
torque limits of the machine, the emerging self-excited vibration
(the chatter) can also limit the machining productivity. Therefore,
the stability predictions are more and more appreciated, especially for production lines, since the machines should be already
calibrated roughly at the design stage. Apart from the limit depths
of cut provided by the stability charts, the frequencies of the selfexcited vibrations are of importance, too, since they can help to
tune different parts of the machine to avoid chatter.
In practise, two major goals can arise at the design stage of a
machine tool. On the one hand, the machine needs good static
accuracy to reproduce the desired shape of the workpiece with
good quality. This depends on the static stiffness and the control
of the machine tool. On the other hand the machine has to handle
the desired operation (e.g. roughing) without any instabilities,
which requires good dynamical arrangement of the structure. At
this stage, the prediction of the dominant frequencies and their
possible strong harmonics is of importance since the weak modes
of the machine can be identiﬁed and the structure can be tuned
according to the calculated spectrum. Also, in machining diagnosis, it is important to know the possible sources of any
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vibrations and separate them from the predicted chatter spectrum to realize e.g. bearing faults.
The theory of the regeneration in machining was derived by
Tlusty [2] and Tobias [3] in the middle of the 20th century. They
pointed out that the regeneration, especially in turning and in
milling, can cause instabilities. They also showed that stable
pockets exist in the high speed region, allowing the usage of
extremely high depths of cut, which can lead to high productivity.
These stability regions highly depend on the modal behaviour of
the machines. Some machining operations like aluminium
machining usually work with high-frequency modes related to
the tool-toolholder, while some other materials, such as difﬁcultto-cut materials [4], operate the low-frequency structural modes.
Consequently, the machine has to be dynamically designed to ﬁt
the required cutting operation.
In the literature one can ﬁnd several numerical techniques
developed to predict the linear stability of milling processes.
There are methods based on frequency domain, such as the
single-frequency (SF) [5] and the multiple-frequency (MF) [6,7]
solutions, while the semi-discretization (SD) [8] and the timeﬁnite element [9] are methods based on time domain. For
completeness, there are continuation software packages for general anholonome delay-differential equations (DDE), e.g. PDDECONT [10], which are capable to perform both linear and nonlinear analysis of certain delayed systems. Generally, the methods
based on frequency domain can provide the dominant vibration
frequency, but they cannot handle general milling processes
(e.g. serrated cutters [11–13]) and the rigorous linearization of
nonlinear milling models.
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As opposed to turning processes, milling operations are theoretically associated with inﬁnitely many self-excited frequencies
(chatter frequencies) according to the Floquet theory of DDEs [14]
as it was shown in [1]. However, the identiﬁcation of the
dominant frequencies is not trivial. The frequency domain methods, the SF and the MF solutions, can provide the strengths of the
harmonics, although these methods were mostly used to plot the
dominant frequencies only. In this paper it is shown that the SD
method is also able to derive the strengths of the multiple chatter
frequencies in an efﬁcient way. Moreover, the presented method
can give the spectra of the just developing self-excited vibration
for more complex milling models implemented in time domain.
In the ﬁrst part of the paper we show the connection between
the Floquet theory and the dominant vibration frequency using
rigorous mathematical derivation. The method is based on the
general representation of milling processes and it has no
signiﬁcant effect on the computation time of the SD method. In
the second part of the paper we present a case study using the
example from [15]. Through this example one can realize how
the self-excited frequencies can interact with other modes in the
system. A simple but useful frequency plot is introduced here to
understand the relationship between the self-excited frequencies
and the dynamics of the machine. In the last section, the
theoretical results are veriﬁed by experimental tests.

2. Milling model
The relative vibration of the tool-tip is described in modal
space deﬁned by the modal coordinates q ¼ colðq1 ,q2 , . . . ,qn Þ
(see Fig. 1). The modes are supposed to be real, that is, the
damping is proportional, consequently, the equations of motion
have the following form
€ þ½2xl on,l qðtÞ
_ þ ½o2n,l qðtÞ ¼ Ut Fðt,qðtÞ,qðttj ÞÞ,
qðtÞ

j ¼ 1, . . . ,Nt ,
ð1Þ

where ½2xl on,l  and ½o2n,l  are (n  n) diagonal matrices with xl and
on,l being the damping ratio and the natural angular frequency of
the lth mode ðl ¼ 1, . . . ,nÞ. Due to the regenerative effect, the
resultant cutting force F depends on the current modal coordinate
vector qðtÞ and Nt previous ones qðttj Þ, where Nt is the number
of regenerative delays occurring in the system. Note that F
already contains the cutting force contributions of all ﬂutes.
This general representation of the milling operation describes
multiple delay cases that typically occur for non-uniform pitch
angle tool [16] or for serrated tools [11,13] in contrast with the
conventional models with a single delay being equal to the tooth
passing period. In (1), the force is distributed to the modal

directions by the mass normalized modal matrix
U ¼ Pdiagðcl Þ,

where

P ¼ ½P1 P2 . . . Pn ,

1=2
is the normalPl is the modeshape vector and cl ¼ ðP>
l Pl ml Þ
ization parameter of the lth mode, where ml is the modal mass
corresponding to Pl . Since, the tool is rotating, (1) is time-periodic
at period T, which is the tooth passing period or an integer divisor
of the rotation period depending on the type of the cutter. The
solution can be rewritten as the sum of a stationary and the
perturbed motion, thus

qðtÞ ¼ qp ðtÞ þ uðtÞ,

qp ðtÞ ¼ qp ðt þ TÞ:

ð2Þ

The linear variational system of (1) can be determined in the form
_ þ ð½o2n,l  þ HðtÞÞuðtÞ ¼
€ þ ½2xl on,l uðtÞ
uðtÞ

Nt
X

Hj ðtÞuðttj Þ,

j¼1

where the coefﬁcient matrices are
Hj ðtÞ ¼

@F
ðt,qp ðtÞ,qp ðttj ÞÞ,
@qðttj Þ

HðtÞ ¼

Nt
X

Hj ðtÞ:

ð3Þ

j¼1

Note that these matrices are also time-periodic at T, that is,
Hj ðtÞ ¼ Hj ðt þ TÞ. Consider that, if (1) is linear, then Hj ðtÞ is equal to
the coefﬁcient of qðttj Þ in F and the costly calculation of qp by
the boundary value problem deﬁned by (2) and (1) is not
necessary. Finally, the dynamic model can be prepared for linear
stability analysis in its ﬁrst order representation [17] as
_ ¼ LðtÞyðtÞ þ
yðtÞ

Nt
X

Rj ðtÞyðttj Þ,

ð4Þ

j¼1

where LðtÞ ¼ Lðt þ TÞ and Rj ðtÞ ¼ Rj ðt þTÞ’s are the linear and the
retarded time-periodic matrices and the new coordinates are
deﬁned as
"
#
uðtÞ
yðtÞ ¼ _
:
ð5Þ
uðtÞ
The stability of (4) can now be analysed using the SD method.

3. Stability of the variational system
According to the theory of DDEs [18,19], the linearized
equations of motion at (4) generates an inﬁnite dimensional
function space deﬁned by the shift as
yt ðyÞ ¼ yðt þ yÞ,
where y A ½tmax ,0 and tmax ¼ maxðt1 , t2 , . . . , tNt Þ. Using an arbitrary initial state y0 ðyÞ the solution can be given by the so-called
fundamental operator U(t) in the following way
yt ðyÞ ¼ ðUðtÞy0 ÞðyÞ,
where the linear operator U(t) gives the connection between the
actual state yt ðyÞ and the initial state y0 ðyÞ. According to
the extension of the Floquet theorem to DDEs [14], the stability
of the system is fully determined by the fundamental operator
which maps the initial state y0 ðyÞ to yT ðyÞ, the corresponding
monodromy operator is U(T). The solution after one period is
given by
yT ðyÞ ¼ ðUðTÞy0 ÞðyÞ:

ð6Þ

Moreover, the Floquet theorem also claims that a general solution
at the present time can be written as a product of a time-periodic
and an exponential term in the form
Fig. 1. Schematic model of milling process with general modes.

yt ð0Þ ¼ yðtÞ ¼ aðtÞelt ,

ð7Þ
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where aðtÞ ¼ aðt þTÞ and the complex number l is called characteristic exponent. In this manner, an element of the function
space at the period T is given by
yT ðyÞ ¼ yðT þ yÞ ¼ aðyÞelT ely ,

ð8Þ

If one substitutes (8) into (6) an inﬁnite dimensional eigenvalue
problem can be formulated as
ððUðTÞmI ÞsÞðyÞ ¼ 0,

ð9Þ

where I is an identity operator, the nonzero complex eigenvalue
m ¼ elT is called characteristic multiplier and, according to (8), the
complex eigenvector has the form
sðyÞ ¼ aðyÞely :

ð10Þ

Note that sðyÞ is deﬁned over the interval y A ½tmax ,0. Then,
Eq. (9) has a nontrivial solution if
kerfUðTÞmI g af0g:
The orbital stability of the stationary solution qp of (1) is
asymptotically stable if all the inﬁnitely many characteristic
multipliers have magnitudes less than one, that is, jmm j o 1,
m ¼ 1,2, . . . (otherwise qp is unstable). qp is marginally stable if
one of the multipliers is jmc j ¼ 1. The original system (1) goes
through a secondary Hopf bifurcation if mc is complex with its
conjugate pair. Period doubling (ﬂip) or cyclic fold (saddle-node)
bifurcation occurs if mc ¼ 1 or mc ¼ 1, respectively.

4. Semi-discretization
The SD method is based on the discretization of the inﬁnite
dimensional state space and the periodic coefﬁcients according to
the Floquet theory [14]. The zeroth-order SD method was introduced for general DDEs (including distributed and time-varying
delays) in [8], while the ﬁrst- and higher-order SD techniques were
presented for point delay in [20,17,21]. Here, the ﬁrst-order method
is applied. The point of the method is that the delayed terms yðttj Þ
are approximated over the discretization interval t A ½ti ,ti þ 1  as
y~ j,i ðttj Þ ¼

ttj ðirj ÞDy

Dy

yiðrj 1Þ 

ttj ðiþ 1rj ÞDy

Dy

yirj ,

where, Dy ¼ Dt ¼ T=k with k being an integer approximation parameter, rj ¼ intðtj =Dy þ 1=2Þ and
yiðrj 1Þ :¼ yti ððrj 1ÞDyÞ,

yirj :¼ yti ðrj DyÞ

with ti ¼ iDt. This way, DDE (4) is approximated by an ordinary
differential equation (ODE) over the time interval t A ½ti ,ti þ 1  as
_ ¼ Li yðtÞ þ
yðtÞ

Nt
X

Rj ðtÞy~ j,i ðttj Þ,

ð11Þ

j¼1

where the time-periodic coefﬁcient matrix LðtÞ is approximated by
the average
Z ti þ 1
1
LðtÞ dt:
Li ¼
Dt ti
With the help of the analytical solution of Eq. (11), one can
formulate a linear map which projects the solution to the next time
step
zi þ 1 ¼ Bi zi ,

ð12Þ

where zi ¼ colðyi ,yi1 , . . . ,yir Þ with r ¼ intðtmax =Dy þ 1=2Þ. Matrix
Bi is actually the discrete representation of the solution operator
U(t) over the time interval t A ½ti ,ti þ 1 . Multiple application of (12)
results in
zi þ k ¼ Uzi ¼ Bi þ k1 Bi þ k2 . . . Bi þ 1 Bi zi ,
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where the transition matrix U is a ﬁnite dimensional discrete
approximation of the inﬁnite dimensional monodromy operator
U(T). The (ﬁnitely many) eigenvalues of the transition matrix are
close to the multipliers of the monodromy operator depending on
the step size U(T) of the discretization. This explains why the
stability diagrams constructed by the SD method reliably approximate the exact stability boundaries. The discrete representation of
the eigenvalue problem (9) can now be formulated as
ðUmIÞS ¼ 0,

ð13Þ

where I is a unit matrix and S is the discrete approximation of the
eigenvector sðyÞ deﬁned at (10). If jmm j o 1 for all m, then the system
is predicted to be asymptotically stable.

5. Multiple vibration frequencies
The stability boundaries are the lines in the parameter plane
where critical multipliers (i.e., jmc j ¼ 1) occur. In one side of these
boundaries (usually below), the operation is stable and the tool
vibration tends to the time-periodic stationary orbit qp . In the
other side of the boundaries, the system loses its stability and it
approaches a higher amplitude stable attractor as a threshold of
the unstable motion. These non-smooth orbits are referred as
chatter vibration in the machine tool industry. Note that this
‘outside’ attractor, according to its non-smooth sense, can simply
be a stable periodic orbit, quasi-periodic orbit or a stable chaotic
attractor [22,23]. All of these structures are basically originated
from the orbits occurred at the linear stability limit, which means
the spectra of these non-smooth orbits (chatter) contain the mark
of the just-bifurcated orbits. This explains the practical observation that the measured spectrum is close to the one predicted
based on linear theories, only.
P
If the initial state is in the form y0 ðyÞ ¼ 1
m ¼ 1 bm sm ðyÞ, then,
according to (8) and (10), the solution at each period is given
ypT ðyÞ ¼ b1 mp1 s1 ðyÞ þ b2 mp2 s2 ðyÞ þ    þbc mpc sc ðyÞ þ b c m pc s c ðyÞ þ    :
ð14Þ
Eq. (14) shows that all of the terms will die out except the critical
one(s) if p is sufﬁciently large, since all the other characteristic
multipliers are in modulus less than one, i.e.,
ypT ðyÞ  bc mpc sc ðyÞ þ b c m pc s c ðyÞ:
Consequently, the critical characteristic exponents in (7) corresponding to the critical characteristic multipliers can be derived
using complex logarithm, that is,
lnjmc j þiðargmc þ 2qpÞ ¼ lc,q T,
where lc,q ¼ ac þ ioc,q (q can be any integer number) and the
multiple frequencies can be expressed as

oc,q ¼ joc,b þ Oqj, where O ¼ 2p=T:

ð15Þ

Here oc,b :¼ oc,0 ¼ ðargmc Þ=T is the base frequency that can be
calculated directly from the critical multiplier and it indicates the
lowest possible vibration frequency, which satisﬁes the linear
map (6) formulated by the Floquet theorem, i.e., T oc,b A ½p, p.
Eq. (15) implies that inﬁnitely many vibration frequencies arise in
the spectrum. These frequencies are separated by the principle
frequency O as it was shown in [1] and also coincides with [6].
Note that along the stability boundaries, the critical asymptotic
part ac is zero, but in practise during the preparation of a stability
chart the calculated points are never lying exactly on the border.
Thus, for the further investigations ac ¼ ðlnjmc jÞ=T should also be
considered. Using the SD method at a point in the vicinity of the
stability border, the approximated spectrum of the monodromy
operator can be calculated and the critical multiplier mc and the
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discretized version of the corresponding eigenvector Sc can be
determined numerically (see (13)). The deﬁnition of the eigenvectors at (10) gives the possibility to construct the time-periodic
term of the critical eigenvector and to write it in Fourier series
form
1
X

ac ðyÞ ¼ sc ðyÞelc,b y ¼

ac,q eiqOy ,

ð16Þ

q ¼ 1

where lc,b ¼ ac þioc,b . Consider that, any lc,q can be substituted
instead of lc,b in (16), since elc,q T ¼ mc , but that might cause
numerical and indexing difﬁculties in the later analysis. In order
to obtain the dominant vibration level, the velocity of the
vibration should be considered. According to (5) the Fourier
coefﬁcient vectors can be decomposed to parts corresponding to
the modal displacement and velocities as
ac,q ¼ colðac,q , vc,q Þ:

ð17Þ

In this way, the dominant vibration frequency is associated with
the maximum (highest inﬁnite norm) of the calculated Fourier
coefﬁcients of the vibration velocity. An implicit formula for the
dominant frequency ratio qd can be given as
1

vc,max ¼ vc,qd ¼ max Jvc,q J1 :
q ¼ 1

ð18Þ

Note that any eigenvectors sðyÞ and any of their periodic terms
aðyÞ are deﬁned in the interval y A ½tmax ,0. This may cause
representation problem of aðyÞ, since the condition tmax ¼ T does
not hold in all cases, e.g. for uneven pitch cutters [16]. In this case,
mathematically, only the truncated versions of the eigenvectors
are available, which means their ‘periodic’ terms cannot be
restored in the entire period. In order to overcome this issue,
the interpretation of the state yt ðyÞ should be given over an
extended interval y A ½T,0 corresponding to the principal period
T of the milling process.
Using the SD method, only the discrete representation of the
critical eigenvectors can be determined in the following form
Sc ¼ colðSc,i ,Sc,i1 , . . . ,Sc,ir Þ:

ð19Þ

The elements of the discretized critical eigenvector in (19) contain
parts associated with modal displacement and velocity as
Sc,i ¼ colðSc,i , Wc,i Þ, similarly in (17). The discrete counterpart of
the periodic terms can be deﬁned based on (16) in the form
2
3 2
3
Ac,i
Sc,i elc,b 0
6A
7 6
7
6 c,i1 7 6 Sc,i1 elc,b Dy 7
7¼6
7,
Ac ¼ 6
ð20Þ
6 ^ 7 6
7
^
4
5 4
5
l
r
Dy
Ac,ir
Sc,ir e c,b
where again Ac,i ¼ colðAc,i , Vc,i Þ as in (17). Note that, the parts
corresponding to the modal displacement and velocities are
vectors deﬁned based on the modal directions q in the form
2
3
2
3
Ac,k,q1
Vc,k,q1
6A
7
6V
7
6 c,k,q2 7
6 c,k,q2 7
7
6
7
Ac,k ¼ 6
6 ^ 7 and Vc,k ¼ 6 ^ 7,
4
5
4
5
Ac,k,qn
Vc,k,qn
where k ¼ i,i1, . . . ,ir. The vector Ac is periodic and has the form
on which low resolution Discrete Fourier Transform (DFT) or Fast
Fourier Transform (FFT) can be applied in each modal direction.
Depending on the resolution of the discretization described
at (12), ﬁnite many approximations of the Fourier coefﬁcients
ac,q can be determined in this manner.
During the construction of the transition matrix U some
irrelevant directions can be omitted in order to speed up the
sometimes costly calculation [24,17]. Basically, in milling the
_ þ yÞ, where
ignored directions are the past modal velocities uðt

y A ½tmax ,0Þ, since these do not inﬂuence the dynamics. Therefore, vc,q from (17) cannot be determined directly by DFT or FFT
from Ac , instead one can calculate the approximate Fourier
coefﬁcients of the vibration levels as vc,q ¼ ioc,q ac,q .
The dominant frequency ratio qd can be determined from the
resultant approximate Fourier coefﬁcients vc,q applying (18).
Consequently, the dominant vibration frequency is given by

oc,d :¼ oc,qd ¼ joc,b þ Oqd j,

ð21Þ

according to (15).
The major advantage of the above elucidated method is that it
does not have a noticeable effect on the speed of the SD
technique. Since the size of the window equals to the principle
period T, the DFT or the FFT provides a spectrum with the
resolution of the principle frequency O ¼ 2p=T [25]. Consequently, the discrete peaks actually coincide with original peaks
ac,q , which are distributed also by the principle frequency O due
to its deﬁnition in (16). In this way the dominant frequencies can
be calculated efﬁciently along the stability limits and an additional frequency plot can be provided above the stability diagram.
One can plot the harmonics of the dominant vibration frequencies
and represent their weights based on their amplitudes. This
frequency plot may help to identify the source of certain vibrations occurring during machining.

6. Case study
In this section the calculation is shown through an example of
half-immersion down-milling operation with a three ﬂuted cutter
taken from [15]. Two modes in orthogonal directions of the tooltoolholder-spindle structure are considered with the modal parameters shown in Table 1. As it is shown by the modeshape vectors
P1 and P2 the modes coincide with the (x) and (y) directions.
The calculations were done using ﬁrst order SD method with
NSD ¼ 90 elements to discretize the state yt ðyÞ. The stability chart
shown in Fig. 2b was created by fractal method based on triangle
elements. The spectra of the discrete periodical ‘terms’ Ac of the
critical eigenvectors were calculated at the closest points of the
stability limits. In the frequency plot in Fig. 2a the dominant
vibration frequencies are indicated by black colour along the
stability boundaries. The strengths of the other harmonics were
indicated by grey-scale except the peaks that are less than 20%
compared to the strength of the dominant frequency. Certain
resonant frequencies Ol ¼ on,l =N of the modes are pointed out
in Fig. 2 referring to the resonant spindle speeds, the ﬂip regions
and the mode interaction zones [26]. In Fig. 2a one can follow that
the dominant vibration frequencies are in most of the cases close
to the natural frequencies. Point D corresponds to period doubling
(ﬂip) bifurcation that can be recognized in Fig. 2a as the frequencies are lying on the lines that are odd multiples of a straight line
with slope 1/2 [27]. Points B and D represent simple cases, when
only the dominant frequency is strong. For points A and C some
other harmonics also show up besides the dominant one. The
relevant multipliers with the unit circle are depicted in Fig. 2b
and the type of the stability loss can be associated in this way at
points (A, B, C, D).
Table 1
The modal parameters of the modes considered in the calculation of the case study
corresponding with Fig. 1.
l

on,l ðHzÞ

xl ð%Þ

kl ðN=mmÞ

Pl

1
2

510
802

4
5

96.2
47.5

½1
½0

0>
1>
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Fig. 3a,b show the discretized critical eigenvectors Sc (19) and
their periodic ‘terms’ Ac (20). More strictly, to ease the depiction,
only the real part of the displacement parts of Sc and Ac are
showed, namely the Re Sc,k ’s and Re Ac,k ’s (k ¼ i,i1, . . . ,ir). In
panels (a) and (b) the values at y ¼ 0 correspond to Sc,i and Ac,i ,
while the values at y ¼ tmax correspond to Sc,ir and Ac,ir ,
respectively. If tmax ¼ T the discrete representation Ac of the
periodic term ac ðyÞ is complete, that is, Ac,i ¼ Ac,ir in Fig. 3.
The black and the grey dots refer to the two modal directions q1
and q2 of the model. The spectra vc,q (17) determined by the SD
_
method and the FFTs of the modal velocity uðtÞ
(5) calculated by
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time domain simulations (standard DDE23 routine in MATLAB) of
the variational system (4) are depicted in Fig. 3c. One can
immediately recognize (Fig. 3a) that the eigenvectors Sc are not
time-periodic as it was expected at (10).They oscillate around
zero, since those eigenvectors are derived from the variational
system where, in fact, the amplitude of the theoretical stationary
solution is zero. The periodic ‘terms’ Ac , however, may have nonoscillating component, too (see e.g. point D in Fig. 3b). In this case
the dominant vibration frequency is actually the calculated base
frequency oc,b , that is, qd ¼ 0 (cf. (15) and (18)). In all of the other
cases for points (A, B and C) the periodic terms seem to oscillate
around zero, since they have different dominant vibration frequency as the base one, thus, qd is nonzero (see the triangles
denoting the base frequencies in Fig. 3c).

7. Experimental veriﬁcation
The presented method to predict the dominant vibration
frequencies was veriﬁed experimentally. In this section, we give
an overview of the measurement and the results of the tests
performed using conventional milling operation.
7.1. Measurement environment
A measurement setup shown in Fig. 4 was created to have a
clear and ﬂexible mode perpendicular to the feed direction (x).
Four modes (one in the (x) and three in the (y) directions) and the
corresponding modal parameters are given in Table 2. A continuous variation of the axial depth of cut ap was achieved by using a

Fig. 2. Panel (a) shows the dominant vibration frequencies (black) along the
stability border. The strengths of the harmonics are indicated by grey-scale. on,l
(l ¼ 1, 2) are the natural frequencies of the modes considered in the calculation.
Panel (b) shows the stability chart and the unit circles with the multipliers in the
complex plain for points (A, B, C, D). (Here, Kt ¼ 900 N/mm2 and Kr ¼270 N/mm2).

Fig. 4. Shows the measurement arrangement used for chatter tests.

Fig. 3. Panels (a) show the critical eigenvectors of the transition matrix. In panels (b) the periodic terms of the critical eigenvectors are depicted. Panels (c) present the
FFT’s of the periodic terms (denoted by black dots) and the FFT’s of time domain simulations of the variational system (4) (denoted by continuous line). The triangles mark
the base vibration frequency oc,b . Dashed lines denote the tooth passing frequencies.
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ramp-like (or roof-like) mirror slope on steel (C45) workpiece
with 5 mm highest axial depth of cut in the middle (see Fig. 5d).
This strategy can lead to a more accurate and also quicker
Table 2
The modal parameters of the measurement setup.
l

on,l ðHzÞ

xl ð%Þ

kl ðN=lmÞ

Pl

1
2
3
4

94
230.6
336.3
375.6

0.66
1
0.3
1

58.38
161
773.4
632

½0
½1
½0
½0

1>
0>
1>
1>

determination of the practical limit of the stability than the often
used ‘step-cutting’ strategy. However, the identiﬁcation of the
accurate depth of cut is not clear. Here, the average depths of cut
of the individual teeth were considered, which yields to a shift
(D=p) of the effective position compared to the centre of the tool
(thin vertical line in Fig. 5d). The tool was a four ﬂuted N ¼4
inserted cutter with helix angle Z  201 and diameter D ¼32 mm.
Because of the limited width of the workpiece near full-immersion milling was performed successively side by side with 31 mm
radial immersion. This causes 20.361 deviation in the entry angle
jen (see Fig. 1) compared to the perfect arrangement. Preliminary
tests were performed to identify the cutting coefﬁcients of the
linear cutting force model [28]. The tangential and the radial

Fig. 5. Panel (b) and (a) show the stability chart and the frequency diagram of the full immersion milling process. In panel (a) the black and thick lines denote the
dominant self-excited vibration frequencies along the stability limits, while the weaker frequencies are showed by thick grey-scale. The measured frequency peaks are
indicated by circles of sizes proportional to their strengths (cf. (e)). In panel (b) the crosses mark the limit depths of cut of the tests where the processes lost stability.
The arrows show the maximum possible depths of cut that were reached by stable machining using test arrangement depicted in (d). Six samples of acceleration signals
are plotted in (c). The spectra in panels (e) correspond to the critical windows of STFT denoted by dashed lines in panels (c). In (c) and (e) the black and grey colours are
associated with the (y) and the (x) directions, respectively (cf. Fig. 4). In panel (a) and (e) the dashed black lines, the grey dashed lines and the black dotted lines indicate
the tooth passing frequencies oT , the ﬂip-lines oM and the spindle frequencies on and their harmonics, too. The measured dominant chatter peaks are marked by oC with
their actual values given in (e).
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Fig. 6. Shows the workpiece after all test were performed. The marks left by the
chattering tool can be realized easily.

cutting coefﬁcients were Kt ¼1459 N/mm2 and Kr ¼ 259 N/mm2,
respectively.
During the measurements accelerations were collected by a data
acquisition system in the feed direction (x) and the direction
perpendicular to the feed (y). Eight different speeds were selected
and six of those are shown in Fig. 5c, where black and grey colours
correspond to the (y) and (x) directions, respectively. The selected
speeds were: nA,B,C,D,E,F,G,H ¼1420, 1480, 1600, 1750, 2000, 2400, 2600,
3000 rpm. The maximum axial depths of cut were kept to be 4 mm
for safety reasons except the measurements A and H that were both
stable all along the shots (cf. Fig. 6). One can directly realize by means
of the measurement-sketch in Fig. 5d that the cutting process jumped
to chatter at higher axial depths of cut than it restored to stationary
cutting. This can be explained by the so-called unsafe zones, which
are the effect of the nonlinearities occurring in the cutting force
characteristics [29–31].
7.2. Evaluation of the results
The limit depths of cut were calculated indirectly from the
measured motion of the tool s using the actual time when the tool
entered into the slope, the time when it lost its stability and the
feed f¼0.8 mm/rev. The instant of entrance into the workpiece
can be obtained directly from the time domain representation of
the signals (Fig. 5c). But, in order to have the instant of stability
loss, the strength of the just-developing-frequency of the selfexcited vibration (in practise the so-called chatter frequency, oC )
needs to be compared with the strongest peak of the forced
vibration (usually the peak of the tooth passing frequency, oT )
related to the same direction. For this purpose, short-time Fourier
transform (STFT) was applied on the time signals using sliding
Hann window of length 1 s with time-step 0.1 s and the spectra
were transformed to vibration level jFFTðvðtÞÞj in frequency
domain. The process was declared to be unstable when the peaks
of the self-excitation and the corresponding forced vibration were
roughly equal and the position of the moving tool was determined at that time. Using this strategy relatively large error on
the tool-position s results in negligible error on the axial depth of
cut due to the gentle slope. In Fig. 5b the measured stability limits
are indicated by crosses while the stable shots are by arrows with
tips up to the reached maximum depths of cut. Compared with
the predicted stability limit (solid line) the trend of the large ‘lobe’
can be recognized.
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The predicted frequencies of the self-excited vibrations and
their harmonics are plotted in Fig. 5a by thick grey-scale, so that,
the dominant vibration frequencies oc,d (21) are black, while the
weaker ones are grey proportional to their strengths. The thin
grey lines show the non-operating (with strengths less than 2.5%)
multiple harmonics oc,q (15) of the dominant frequencies. The
horizontal and the inclined dashed black lines indicate the natural
frequencies on,1...4 (Table 2) and the tooth passing frequencies
oT ¼ Nn=ð60 s=minÞ and their harmonics. The lines oM ¼ oT =2
and their harmonics, on which the frequencies of the double
period (ﬂip) self-excited orbits can lay, are marked by inclined
grey dashed lines [27].
According to Fig. 5a two things can be realized directly. On the
one hand, only the ﬁrst three modes have effect on the stability
since the dominant frequencies lay close to the ﬁrst three natural
frequencies on,1...3 . On the other hand some harmonics of the selfexcited frequencies are active (grey-scale), but in the region of the
measurements (n A ½1400,3000 rpm) only small portions of them
are signiﬁcant. Note that this does not show up in the prediction if
one uses exact full-immersion milling model during the calculations. In this case, the inside symmetry due to the full-immersion
sense and the approximated circular orbits of the ﬂutes make the
periodical force smoother than it is in the reality. Generally, the
predicted frequencies agree well with the measured spectrum
(chatter frequencies and their harmonics) depicted by circles
in Fig. 5a. The size of the circles are proportional to the measured
peaks and the values next to the circles show the strength of the
predicted peaks (in percentage) compared with the strength of
the dominant frequency.
The critical STFT intervals, where the signs of the stability loss
were ﬁrst identiﬁed are denoted by dashed lines in Fig. 5c. The FFTs of
the signal over the critical intervals are presented in panels (e) for
cases C, D, E and G. The continuous and dashed guidelines in panels
(e) correspond to those in Fig. 5a, while dotted lines denote the
harmonics of the spindle frequency on ¼ n=ð60 s=minÞ. The grey and
black lines indicate the spectra in direction of (y) and (x). In all
samples, the peaks that do not coincide with any harmonics of the
spindle frequencies are the frequencies of the self-excited vibrations
(practically the chatter frequencies oC ) or their harmonics. One can
realize that these samples are taken from the critical intervals since
the chatter peaks are about the level of the strongest forced
frequency. Note that for case D, the strongest forced frequency is in
the feed direction (x), while chatter occurs in the perpendicular (y)
direction. For case E, the third spindle harmonic (arising due to
the possible run-out of tool) is the strongest forced peak since it is in
resonance with the ﬁrst natural frequency of the system on,1
(see arrows above the frames of Fig. 5e). It can be seen that the level
of the chatter peaks and their harmonics correlate well to the
predicted frequencies and their level shown by grey-scale in panel
(a). The second mode, which is in the feed direction, resonates with
the harmonics of the self-excited vibration. This phenomenon is
similar to the so-called mode interaction introduced in [26].
Even though plain milling was performed, face of the milling
cutter leaves strong marks on the workpiece during chattering
motion due to the bending vibrations of the tool. This results in an
indirect visible manifestation of the stability lobes on the workpiece shown in Fig. 6.
Using the strategy of the stability-loss-detection applied here
combined with a fast stability prediction can give a tool in realtime stabilization of milling processes. As it can be followed
in Fig. 5c the loss of stability was detected much before the onset
of the large amplitude chatter vibration (cf. the length of the
critical windows in Fig. 5c). For case C, for instance, the detection
was around a second before the chatter was fully developed. This
may give possibilities to introduce real-time controlling techniques based on stability diagrams.
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8. Conclusions
We have focussed on the determination of the dominant
vibration frequencies of milling processes using the semi-discretization method. The algorithm shown here can predict the
strengths of the multiple vibration frequencies with no signiﬁcant
computational cost. The given method is based on the governing
time-periodic delay differential equation of general milling processes and hence it can handle complex geometries and dynamics
of the tool-spindle-machine system. Besides the stability charts of
the process, our method provides a visual and useful representation of the operating frequencies during machining. This might be
important even at the stage of machine tool design.
We have determined the dominant frequency among the
multiple frequencies of the developing self-excited vibration
(chatter) according to rigorous mathematical theories. We
showed that the ratio of the dominant frequency and the
principal (e.g. tooth passing) frequency is hidden in the eigenvectors of the fundamental operator deﬁned by the Floquet
theory. A periodic function can be constructed analytically using
the eigenvectors and the characteristic multipliers. Then, low
resolution DFT or FFT can be applied on the discretized counterparts of these periodic functions without having signiﬁcant effect
on the computational speed of the semi-discretization. In this
way, the weight of the individual chatter frequency harmonics
can be determined efﬁciently.
An artiﬁcial, but representative example was shown, in which
all the effect of the multiple vibration frequencies of the selfexcited vibration can be followed easily on the frequency plot. In
this plot, it is easy to recognize simple and more complex cases
where e.g. different modes of the system interact with the selfexcitation.
As a practical vindication, we have performed milling tests
using ramp-like workpiece ﬁxed on a special holder which has a
main mode perpendicular to the feed direction. Besides the linear
stability limits, the semi-discretization predicted the dominant
frequencies, as well. Moreover, it showed the effect that other
modes of the system can resonate with the harmonics of the
dominant frequency of the self-excited vibration (in practise the
chatter frequency).
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