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1. Introduction

Type 1 Diabetes Mellitus (T1DM) requires external insulin
replacement due to the loss of pancreatic beta cells. Regulating
blood glucose is a significant challenge caused by non-linear
physiology and large meal disturbances. Modern Artificial
Pancreas (AP) systems utilize Continuous Glucose Monitors
(CGM) and insulin pumps, but face real-world digital con-
straints: discrete sampling, quantized delivery, and saturation.
Objective: To design and compare robust discrete-time control
strategies (PD vs. LQR) based on the Bergman Minimal
Model, addressing digital implementation and physiological
uncertainty.

2. Applied methods

The physiological Bergman Minimal Model was selected
to describe the glucose-insulin dynamics:
G(t) = -p (G = Gp) —GOX@O + M), (D)
X(t) = —pX(t) + p3(I(t) — Ip), (2)
I(t) = —p,(I(t) = 1,) + U(®)/V}, (3)
where G is plasma glucose, X is remote insulin action, and
I 1s plasma insulin. Digitalization: The system was discretized
to reflect hardware limitations:
= Sampling time: T; = 5 min (GCM delay)
» Quantization: 5 mU/min steps
= Saturation: 0-300 mU/min
Control strategies:
= Discrete PD: tuned for fastest settling time but limited
by lack of state information.
= Discrete LQR + Observer: Optimal state-feedback
controller using a Luenberger observer to estimate
unmeasured states (Remote Insulin Action X,
Plasma Insulin I).

3. Results

The simulations revealed that digital constraints fundamen-
tally alter system behaviour. The PD controller required spe-
cific modifications (basal rate suspension) to avoid steady-state
errors. The Discrete LQR demonstrated superior performance
in handling quantization noise and meal disturbances.
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1. Figure: Time evolution of plasma glucose and insulin
under discrete LOR control with quantized actuator output.

Robustness Analysis: A critical comparison was performed
regarding sensitivity to physiological parameter mismatches
(e.g., stress or illness).

e Insulin Sensitivity (p3): The PD controller became un-
stable at high sensitivities (>110%), causing oscilla-
tions. The LQR remained stable across the entire 50-
150% range.

e Insulin Clearance (p4): Low clearance causes "insulin
stacking." The LQR observer successfully estimated
the accumulated insulin, preventing hypoglycemia,
whereas the PD controller failed to compensate.
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2. Figure: Robustness analysis showing Settling Time vs.
Insulin Sensitivity (p3). The LOR strategy (blue) maintains
stability where PD (red) degrades.

4. Summary

The study confirmed that while a Discrete PD controller is
effective in nominal cases, it lacks robustness against physio-
logical drift. The Discrete LQR with Observer proved to be the
superior choice for Artificial Pancreas applications. It effec-
tively handles "insulin stacking," minimizes hypoglycemia
risk, and maintains stability under significant parameter uncer-
tainty.




Dinamikai mintazatok feltarasa: Modalis analizis és a DMD
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1. Bevezetés

A modern mérndki gyakorlatban a mechanikai szerkezetek
dinamikai viselkedésének pontos ismerete elengedhetetlen a
biztonsagos és hatékony tervezéshez. A rezgések mértékeé-
nek korlatozésa, a rezonancia elkertilése, valamint a szerke-
zeti integritds megGrzése megkoveteli a rendszerek modalis
paramétereinek preciz azonositasat. Ezen adatok meghata-
rozasara szamos modszer létezik.

A szakdolgozat célja egy korszert, 4j technika a Dynamic
Mode Decomposition (DMD) alkalmazhatosaganak vizsgé-
lata a modélis analizis folyamatédban. A kutatas soran a
modszert gépészeti benchmark problémak segitségével ha-
sonlitottam Ossze mas elterjedt modalis analizis modszerek-

kel.

1. abra. Hawk T1A repiil6gép szarnyanak modalis vizsgéla-
ta

2. Alkalmazott modszer

A DMD eredetileg a folyadékdinamika teriiletén jelent meg,
mint adatvezérelt eljaras, amely feltarja a bemeneti adatok-
ban rejls térbeli és id6beli mintazatokat. A bemend idGtar-
toméanybeli adatokat két nagy adatmatrixba, tgynevezett
pillanatkép matrixokba (X és X') rendezi. X’ az X matrix
utani kovetd idslépésnek megfelelg matrix. A modszer egy
legjobban illeszkedd lineéris operatort (A) keres, ami X-et
X" matrixa alakitja:

X' ~ AX,
ezt az egyenletet atrendezve az A matrix:
A =X'XI

A gyakorlatban a A tul nagy, ezért a DMD az X szingulé-
ris érték felbontasaval majd ennek csonkitasaval A redukalt
operatort szamolja. A sajatértékei meghatarozzak a rend-
szer dinamikajat.
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A modélis analizis soran a DMD bemenete lehet
impulzusvélasz-tfiiggvény illetve a méréshez hasznalt szenzo-
rok adatai is. Ezeket az id6tartoméanybeli adatokat Hankel
méatrix alakba téve kaphato meg az X és X',

3. Eredmények

A DMD modszert két benchmark problémaéra is alkalmaz-
tam, a Hawk T1A repiil6gép szarnyanak és a svajci Z24-es
hidnak az Gsszehasonlité mérésére. A repiilgép esetében a
DMD modszer sikeresen és pontosan azonositotta a modalis
paramétereket, a 2. abran lathato stabilitasi diagramrol ol-
vashatoak le a szarny sajatfrekvenciai és a 3. abran a DMD-
vel meghatarozott lengésképek lathatoak. A hid esetében a
mérés jelentds jel/zaj ardanya miatt a DMD algoritmus nem
talalta meg a hid Osszes dominans rezgésmodusat, illetve
a csillapitasi tényezdk a megtalalt modusoknal nem voltak
helyesek.
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3. abra.
(jobb oldal) és 26. modus (bal oldal)

Példak az azonositott lengésképekre: 2. modus

4. Osszefoglalas

Szakdolgozatomat a mechanikai szerkezetek dinamikai visel-
kedésének pontos feltarasa érdekében készitettem, fokuszba
helyezve a Dynamic Mode Decomposition (DMD) algorit-
mus alkalmazhatosagat a modalis analizis folyamataban. A
DMD moédszer jo eredményeket tud adni, viszont rendkiviil
érzékeny a zajra.
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1 Introduction

The thesis investigates the trajectory tracking control of a
planar quadrotor system in the presence of unmodeled dy-
namics caused by a suspended pendulum load. The goal of
the study is to develop a controller capable of stabilizing a
quadrotor exposed to uncertainties. A hybrid controller is
designed that combines a classical controller for the nominal
dynamic model with a learning-based estimator. This ap-
proach aims to merge the robustness of model-based control
and the adaptability of data-driven techniques. Two models
were used throughout the study, the nominal model where
no uncertainty is induced (Figure 1 right-hand side) and the
true model with the pendulum (Figure 1 left-hand side).

Figure 1: The planar quadrotor models

2 Applied Methods

Two control techniques were designed on the nominal model
to achieve precise trajectory tracking. The first controller
is a Linear Quadratic Regulator (LQR) and the second one
is a Cascade PD Controller. To choose which controller
to use next to the Neural Network estimator, their perfor-
mance was compared. Both demonstrated near perfect per-
formance on the nominal model, on the true model both
failed. However, the PD controller showed greater robust-
ness, making it a good pair to the NN-compensation. By
tuning the LQR’s weights a similar result could have prob-
ably been achieved, but it would be time-consuming and
would not cancel the uncertainties. The starting point for
the NN-based compensation is the equation of the nominal
dynamics

Xpom = f(X) + g(x)u. (1)
The goal is to add a term to this equation that describes
the differences between the models:

Xipne = F(X) + g(x)u + k - F(Xeyt)- (2)
The Neural Network will approximate this unknown distur-
bance function. This F(Xey) disturbance is defined as the

difference in state derivatives between the systems. To ap-
proximate this function, a supervised learning approach is
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used. The network was trained on 200 randomized trajec-
tories using the PD controller. It learns the function by
mapping observed states to the residual state derivative dif-
ferences

FNN(xax.ayayaspasband) = Ax. (3)
After training, a control input is chosen that cancels these
differences

U = uUpp — Ucomp; (4>

where upp is calculated by the PD controller, and ucomy 1is
designed 50 g(x) - Ueomp ~ FNN(Xext)-

3 Results

The compensated system effectively suppresses the distur-
bances caused by the pendulum, maintaining a path that is
near to the nominal case.

Drone with Pendulum Simulation and Neural Network Compensation
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Figure 2: Trajectory tracking with NN-compensation

Controller RMSE z [m] | RMSE y |ml]
Cascade PD 0.0121 1.4547
With NN Compensation 0.0095 0.1060

Table 1: Root Mean Squared Error of the uncompensated
PD and NN-compensated PD

4 Summary

The thesis leads to the following conclusions. The nomi-
nal performance for the PD and LQR controller provided
near perfect tracking when the system model was accurate.
Even though the Cascade PD controller showed great ro-
bustness, it was still far from the desired trajectory, thus
Neural Network compensation was applied. The Neural
Network-based compensation successfully recovered the per-
formance of the PD controller in the presence of unmodeled
dynamics. By learning the disturbance model F(Xey) and
providing counter-acting control.

HHH

Lalalinl/nlinl il /nlinliall0)

1782
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1 Introduction

Autonomous mobile robots and vehicles are becoming in-
creasingly widespread, playing a key role not only in indus-
trial sectors like manufacturing and logistics but also in our
everyday lives through the rising acceptance of self-driving
cars. In many of these applications, the robot platforms
must be able to follow predefined trajectories with high pre-
cision at high speeds.

Objectives:

e Implementation of a model predictive contouring con-
trol (MPCC) on a 1/10-scale autonomous vehicle plat-
form, called FITENTH platform.

e Extension of the algorithm to support both forward
and backward driving.

e Real-time evaluation on the NVIDIA Jetson Orin
Nano.

Figure 1: The FITENTH vehicle (left) and the contouring
error definition (right)

2 Applied Methods

The MPCC formulation maximizes progress along the path
while minimizing error within physical constraints.
Key Contributions:

e Implementation of the MPCC framework on a 1/10-
scale autonomous vehicle platform: Adaptation on the
algorithm to the specific dynamics and constraints of
a car-like robot.

e Dual-Mode Control: Separate dynamic and kinematic
models were implemented for forward and backward
motion to handle instability in reverse.

e Solver Architecture: A hybrid approach was imple-
mented. The robust IPOPT solver is used for initial-

ization, while the fast Acados (SQP-RTI) solver runs
the real-time control loop.
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3 Results
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Figure 2: Real-world test result on the paperclip shaped
trajectory

Performance Metrics:

e Tracking Accuracy: The controller maintained stable
tracking with a maximum contouring error of approx-
imately 15 cm during high-speed maneuvers.

e Computation Speed: The Acados solver achieved a
10x speedup compared to IPOPT (14 ms vs 124 ms),
enabling real-time operation at 30 Hz.

e Robustness: The system successfully handled complex
maneuvers, including seamless switching between for-
ward and backward driving.

4  Summary

In this thesis, the MPCC algorithm has been adapted and
implemented on an autonomous ground vehicle. After suc-
cessful validation in simulation, the formulated controllers
were evaluated on the physical FITENTH platform. The
real-world experiments demonstrated precise, high-speed
trajectory tracking while achieving real-time performance
on a resource-constrained embedded computer.
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1 Introduction

Self-balancing unicycles are remarkably simple in design, of-
fering compact, low-cost transportation, making them suit-
able cargo-carrying robots in industrial environments. The
design however, comes with unique challenges, as a unicycle
is not just inherently unstable, but it is also difficult to con-
strain the system in designated safe zones or desired states.

Figure 1: Experimental unicycle created at the department.

This motivates the investigation of safety-critical control
methods applied to unicycles, including theoretical analysis,
numerical simulation and practical testing.

2 Applied Methods
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Figure 2: Mechanical model of the experimental device, in-
cluding a wheel (1), a platform (2), a chassis (3) and a
counter-weight (4) for balancing.

For the mechanical model, the Lagrangian method was
used to obtain the nonlinear, control-affine system, with the
built-in BLDC motor’s armature current as control input w.
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This model was later linearised to create the nominal state-
feedback controller. Safety is ensured with set invariance
through control barrier functions (CBFs) of which S is a
superlevel set.

Figure 3: Graphical representation of invariant set S with its
corresponding CBF h: once the system’s trajectory (green)
enters S, it will never leave it. (Molnar: “Model-free safety-
critical control for robotic systems, 2021.)

Validity of CBFs was analysed with the Lie-derivatives of
f(x) and g(x) using the necessary and sufficient condition,
Leh(x) + Lgh(x)u > —vh(x), for set-invariance.
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Figure 4: Valid (a) and non-valid (b) CBF phaseplots.
Safety cannot be guaranteed if the red curve is outside the
green safe region.

3 Results

Safety constraints regarding the maximum tilt angle (¢,qz)
yielded satisfactory simulation results. Other constraints
kept the system safe, but overturned the platform, and some
constraints led to singularities (Figure 4.b), making the sys-
tem unsafe. The ¢,,,, safe controller was uploaded to the
unicycle and proved to be effective at keeping the maximum
tilt angle, despite large perturbations.

4  Summary

This experiment demonstrated the viability of safety-critical
control on self-balancing unicycles and also showed that this
control is most effective when applied to the nominal control
goal as opposed to other safety constraints.
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1 Introduction

Polymer foams are common energy-absorbing elements
whose behavior depends on density and geometry. Unlike
homogeneous foams, layered, variable-density structures al-
low for tailored global stiffness and energy absorption. This
thesis develops a numerical method to describe the mechan-
ical behavior of multi-density foam layers (Figure 1) and
supports designing configurations to achieve specific target

stress-stretch curves.
4

Figure 1: Density graded layered foam structure

2 Used methods

To model nonlinear, large-strain behavior, a compressible
hyperfoam model based on the Ogden—Storakers strain-
energy density function was used:

N
W = Z % [A?i + AT+ A =3+ %(J—ai” — 1. (1)
i=1 " L

Compression tests on closed-cell polyurethane foams
of various densities provided nominal stress-stretch curves
from force-displacement data. Material parameters were de-
termined via nonlinear curve fitting for each foam type in
Python.

AONAONONNNNN
t

Figure 2: Series spring analogy used in the algorithm
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3 Results

A custom numerical algorithm was developed to compute
layered foam behavior by determining local strain and stress
for each layer under equilibrium with an analogy using
springs connected in series (Figure 2). The procedure han-
dles arbitrary layer counts, thicknesses, and foam types, en-
abling rapid stress-stretch curve evaluation for diverse con-
figurations.

During validation, simple foam structures were manufac-
tured and tested against computed results. The numerical
model accurately captured the overall shape of the mea-
sured curves; minor discrepancies were attributed primarily
to manufacturing inaccuracies and sample inhomogeneity.

Optimization Result: Target vs Optimized Curve: "Wavy" target curve

0.01
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—- Optimized h=[5700 8]
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Figure 3: Target, measured and calculated P — A curves

An optimization code was developed using differential
evolution to identify layer sequences and thicknesses match-
ing target curves given as input. The results, supported by
FEA validation in Abaqus (Figure 3), confirmed that this
method can be utilized effectively to design layered foam
structures for various use cases, such as collision protection
or comfort-oriented energy absorbers.

4  Summary

This thesis presents a validated numerical procedure using
the hyperfoam model to describe variable-density, layered
polymer foams. The developed code identifies the config-
uration needed for specific force-deformation behavior, en-
abling the customization of energy-absorbing structures for
various engineering applications.
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1 Introduction

As technology is becoming more and more advanced, new
ideas and inventions arise. Soft robotics is also an improv-
ing field of engineering in which the rigid links and joints of
traditional robots are replaced by some highly elastic parts
made of soft materials, such as silicon rubber. The pneu-
matically actuated soft gripper robots are usually consists
of chambers and passages between them, where as the pres-
sure rises these can expand, making the robot to bend and
thus grab the desired object. This thesis focuses on the cre-
ation and simulation of such robots and also improving it
further by making usable ends to it and also investigating
the phenomenon appearing if the chambers are rotated out
of the normal plane to the longitudinal direction.

Figure 1: Pneumatically actuated soft gripper

2 Applied Methods

The main task of this work is to compare the simulation
and reality of the robot behaviour. First, the actual robots
should be manufactured. For this, moulds are required to
be designed and then printed. The mould files are created in
PTC Creo, with the help of the subtraction command. Af-
ter 3D printing the moulds, a two component hyperelastic
material is poured and let to be cross-linked.

The other part is the simulation, which uses the robot
models as well as the material test carried out on this ma-
terial. The uniaxial tests give the necessary data for us to
be able to fit a hyperelastic material model. This is needed
for the simulations to correctly predict the behaviour of the
material. With the help of the best model, the simulations
can be done with the ABAQUS software.

Then the two results are compared to validate the sim-
ulations and to supply credibility for future simulations.
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Figure 2: Comparison

3 Results

Two types of results are in focus. The comparison between
the simulation and the manufactured robot, and the differ-
ences between each rotated chamber robot. The first com-
parison yielded a pleasing result, as the simulation is quite
close to reality, and the latter comparison shows how differ-
ently can the robot behave by only modifying the chamber
orientation.

Comparison as the function of pressure - MR
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Figure 3: The difference between the simulation and reality
and the difference between the rotated chambered robots

4 Summary

Since, the validation of the simulations are correct, then
any further experiment on this type of robot and mate-
rial pair can be conducted using only the virtual space. In
addition, the rotated chambers create an interesting phe-
nomenon, which can be useful when trying to grasp some-
thing. The more a chamber is oblique, the more it curves
out of its plane, thus can be created more grasping surface
with it.
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Megszakitott esztergalas stabilizalasa valtozé
fordulatszammal
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1. Bevezetés

A forgacsolasban felléps ongerjesztett chatter rezgések kor-
latozzak a termelékenységet és rontjak a feliileti minGséget.
A megszakitott esztergalas (pl. hornyos feliileteken) és a
valtozo fordulatszam (SSV) egyiittes alkalmazasa komplex,
dinamikat hoz létre, ahol a modulacio fazisa a megszaki-
tashoz képest (yg) donts szerepet jatszik. Munkam célja
egy olyan numerikus modszer kidolgozasa, amely a stabilitas
mellett a feliileti minGséget is el6re tudja jelezni, valamint
a fazisbizonytalansagra robusztus paramétertereket hataroz
meg.

1. abra. Megszakitott esztergdlas sematikus abraja.

2. Alkalmazott mo6dszerek

A folyamatot idében periodikus, késleltetett differenciél-
egyenlettel (DDE) modelleztem. A stabilitasvizsgalathoz
a Floquet-elméletet és egy matrixmentes spektralis mod-
szert alkalmaztam Julia programnyelvben. Az affin leképe-
zés fixpontjanak szamitasaval meghatarozhaté a stacionari-
us valasz, melybdl a szerszamrezgeés cstucstol-cstucsig ampli-
tudoja (App) szamithato. Ez az érték aranyos lehet a meg-
munkalt feliilet hullamossagaval és érdességével.

4 T

B A 10°
— Robust stability boundary

w

Depth of cut, w [mm]
[\

1
3500 4000
Nominal spindle speed, n, [rpm]

1
3000

2. dbra. A legnagyobb feliileti hullamossag elérejelzése meg-
szakitott esztergalasnal valtozo fordulatszammal a robusz-
tusan stabil megmunkalasi tartoméanyban.

A modulécios fazis robusztussagi elemzéséhez harom nu-
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merikus stratégiat dolgoztunk ki és hasonlitottunk 6ssze me-
lyek a; brute force modszer, mintavételezett burkolo keresés
és a lokalis szélsdérték-kontur keresés.

A modszerek validalasara kisérleti mérések sordn megha-
taroztuk a rendszer dinamikai paramétereit (f, = 220 Hz,
k = 4.3 -10° N/m) és a forgacsolasi erdegyiitthatokat
(Ka =939 MPa, K; = 1491 MPa).

3. Eredmények

A szimulacios eredmények egyértelmten kimutattak, hogy a
modulacios tazis is kritikus paraméter mint ahogy a 3. dbra
Is mutatja.

A cstcstol-cstucsig amplitido szamités lehetévé tette,
hogy a stabil tartoméanyon beliil is kivalasszuk azokat a para-
métereket, amelyek optimalis feliileti minGséget (minimalis
feliileti hullaimossagot) eredményeznek (lasd 2. abra).

Az SSV alkalmazasa kiszélesitette a stabil forgacsolasi
tartoméanyt, mint ahogy azt a mérések is igazoltak. Olyan
vagasi paramétereknél is chattermentes, sima feliiletet kap-
tunk, ahol alland6 fordulatszam mellett erds ongerjesztett
rezgések léptek fel. Az erGjel spektruméanak szélesedése jel-
lemzé volt az SSV-hatésra. A modulécios paraméterek ha-
tarat is sikeriilt meghatarozni, ahol elértiik a mérési beren-
dezés korlatait.
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3. abra. Robusztus stabilitasi diagram numerikusan szamit-
va, Osszehasonlitva a mérési pontokkal.

4. Osszefoglalas

A valtozo fordulatszam kiszélesiti a chattermentes tarto-
manyt megszakitott esztergalasnal, de a modulacios fazis
kritikus. A robusztus stabilitaselemzés meghizhato para-
métertereket ad a fazisbizonytalansagra, mikozben a feliileti
mindség is elGjelezhets. Mérésekkel igazoltuk, hogy az SSV
csokkenti az ongerjesztett szerszamrezgést olyan tartoma-
nyokban is, ahol az alland6 fordulatszam instabil volt.




Stability of mechanical systems actuated by means of
sensor fusion
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1 Introduction

In modern control applications, our safety-critical systems
are measured by many distinct sensors to get a more reliable
and precise picture of the surrounding environment.

These methods are not new to biology, as human per-
ception works similarly, utilizing many sensory signals to
conduct ourselves in an ever-changing environment (e.g., to
maintain balance) or to decide upon something (e.g., what
item is edible in the wild).

In the present thesis, the time domain and precision ef-
fects of sensor fusion are investigated in the case of digital
control, such as the effect of sampling time, synchronization,
or quantization. Besides the stability analysis of such con-
trolled systems, the robustness and effect of uncertainties
are also investigated.
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Figure 1: Investigated control scheme.

2 Applied methods

To get a sense of how these effects affect the system’s stabil-
ity and robustness, a first-order model was utilized to depict
the investigated phenomena. Distinct models were used to
investigate the impact of time-domain and quantization ef-
fects. The corresponding equation can be written as

1}(1) U(-2)
)(t t) = —pihalnt | =— | — pohoInt | -
v(t) + qu(t) p1hInt I p2h2lnt ()
ha/hy =m, t € [max(i,nj), min(i + 1,n(j +1))).

The stability of the dynamical system was investigated
by creating the corresponding discrete mapping between
sampling intervals for both the delayed and quantized cases,
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after which the eigenvalue calculation and the Jury stabil-
ity criterion showed the boundaries and their types in the
control gain space.

3 Results

The investigation has shown that the ratio n = At§-2) / Atl(-l)
causes qualitative differences in the stability map. A sig-
nificant difference can be observed between even and odd
sampling time ratios; a stability map in the control gain
space for the even case can be seen in Figure 3.

The effect of shifting the sampling instances, i.e., the
asynchronous design of such a system, can be seen in Fig-
ure 2, where the shrinkage of the original stability domain
can be observed, along with a change in the type of stability
loss on the border.
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Figure 2: Effect of shift on stability chart.

The additional effect of quantization introduced in the
system causes microchaotic behaviors in the vicinity of the
stable point. Numerical simulations show that the domain
in which the control system can be stabilized grows with the
additional quantization effect, and the Lyapunov exponents
in Figure 4 show a structure similar to the previous results
obtained for the pure delayed case in Figure 3.
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Figure 3: Delay case n = 2. Figure 4: Hybrid case n = 2.




Vehicle dynamics analysis using commercial digital twins

SZABOLCS FARKAS
Mechanical Engineering Modelling MSc, Major in Solid Mechanics, 2025/2026/1.
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1 Introduction

The thesis is based on an advanced vehicle simulation game,
BeamNG.drive, and its versions 0.35 to 0.37 at the time of
the research. It is mainly known for its advanced crash sim-
ulation, but also shows a credible behaviour from a vehicle
dynamics point of view. In-game objects are composed of
node and beam structures. These simple elements are used
to build all the elements of the vehicles, such as the chassis,
suspension and wheels.

Figure 1: An image of the software tyre model is available
in the BeamNG.drive documentation.

The first part of the thesis briefly describes the tyre
model used by the software. Then, we describe the con-
siderations and characteristic functions of the basic version
of the Pacejka tyre model. After describing the expected
behaviour, we present the simulation experiments’ results
obtained from the game and how and after what calcu-
lations these data became comparable with the aforemen-
tioned Pacejka models. These derivations and experiments
are also performed in the longitudinal direction, to obtain
the longitudinal force-slip curve and to make a similar com-
parison. Then, we will also show, how the adjustment of
friction parameters influences the lateral torque-slip curve.
Effects of lateral load transfer are also demonstrated and
compared with a simple analytical model. Finally, we inves-
tigate a special turning case in a parabolic trajectory.

2 Applied Methods

The basis for extracting data from the game was a user-
written application, which already provided a lot of data
from the game’s so-called streams, written in a .csv file,
which can be exported specified in time steps. Among these
streams we could find additional necessary data.
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3 Results

e The corresponding torque-slip curves were generated
for the simulation. After this, we could perform pa-
rameter fitting from the virtual measurements into the
theoretical model. Based on this, by fitting the free
parameters of the theoretical results, we were able to
reconstruct the lateral force-slip curves as well.

e We could also demonstrate the effects of different fric-
tion conditions.

e We acquired data for further longitudinal analyses of
similar to the lateral ones. In summary, we found co-
herence between the simulated and the analytically
derived results with a successful parameter fitting.

e We compared the measured load transfer effects their
simple analytical models, and also found that the re-
sults were coherent.

e We performed analyses in a special turning case of
the real environment of the Autodromo Nazionale di
Monza’s "Parabolica" corner. We found that a pre-
vious simple analytical finding corresponded to the
racing experience virtually measured, confirming the
analogy of fast driving there to the projectile motion
in a gravitational field.
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Figure 2: Acceleration vectors from a run through Monza’s
Parabolica corner with increased engine power and limited
slip differential in the default car trying to take the corner
as fast as possible.




Robustness analyses of a mechanical system controlled by
reinforcement learning

KATALIN JUHASZ
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1 Introduction

Reinforcement Learning (RL), a major subfield of Artificial
Intelligence, allows agents to learn control strategies by in-
teracting with their environment. Although this method is
very effective and widely used in practice, the training can-
not cover all possible situations the system can encounter
during operation. In view of the black-box nature of the RL
controller, robustness to new environment is not granted.
The objective of this study is to analyze the issue on a sim-
ple mechanical model, utilizing methods originating from
nonlinear dynamics.

2 Applied methods

The robustness analysis was performed on a vertical hopping
system consisting of a mass and a linear actuator.
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Figure 1: The mechanical system

The reinforcement learning agent was trained to return
a falling mass to a predefined target height by regulating the
actuator’s force. Throughout this study, several agents were
trained under different circumstances. The trained agents
varied based on their training duration; in other words, the
number of jumps the agent was allowed to take, and the
simulation time step. Additionally, an artificial termination
limit was used to restrict the agents from exploring specific
states during training, ensuring that agents only encoun-
tered these unseen states during testing.

3 Results

The robustness of the agents was evaluated by exposing
them to unseen initial conditions across a wide range of drop
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heights. The results of such simulations were collected and
visualized in Safety Maps.

Binary Safety Map Performance Safety Map
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Figure 2: Safety Maps of agents trained for 5 jumps and 1
jump

These revealed a significant difference in performance be-
tween the different types of agents. Agents trained for five
consecutive jumps showed superior recovery because they
experienced a wider variety of states during training. In
contrast, single-jump agents lacked stability and frequently
failed when exposed to new conditions. Interestingly, failure
often appeared as random overshooting or undershooting,
demonstrating the stochastic nature of the learning process.
Furthermore, the study highlighted the importance of time
discretization. Large simulation timesteps resulted in sce-
narios where the agents were not able to slow down the mass
in time. Decreasing the timestep improved success rates by
allowing more frequent control of the actuator.

Using methods based on dynamical integrity measures
made it possible to gain an overall understanding of the
agent’s behavior and robustness. The results emphasize the
importance of diverse states during training, which is funda-
mental for achieving generalization. Additionally, the find-
ings highlight the "black-box" nature of neural networks and
the effects of time discretization.




Mechanical characterization and sensitivity of inflatable
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1 Introduction

Soft sensors play an important role in soft robotics, as their
compliant nature reduces design constraints in deformable
robotic systems. This thesis focuses on the development and
experimental investigation of an inflatable force-sensing soft
sensor. The sensor response is studied under different ini-
tial internal pressure levels, allowing adaptability to varying
operating conditions. The proposed design features a dome-
shaped geometry with integrated FLEX sensors for measur-
ing deformation-induced resistance changes during external
loading.

Figure 1: 3D model of the inflatable soft sensor with inte-
grated bending FLEX sensors.

2 Applied Methods

A silicone-based experimental prototype with integrated
FLEX bending sensors was fabricated and tested under var-
ious loading configurations and orientations. Internal pres-
sure, applied external force, and individual sensor channel
responses were recorded. In parallel, a finite element (FE)
model based on a third-order Ogden hyperelastic material
formulation was used to predict the mechanical response of
the sensor. The stiffness variation caused by the embedded
FLEX sensors was neglected in the FE model.

| |

Soft sensor

Figure 2: Sensor testing configurations: top view and 45°
rotational increments with a 30° tilt relative to the z-axis.
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3 Results

Different pressure levels and sensor orientations produced a
large dataset. For clarity, one representative case is shown:
loading of the top sector (Fig. 3). The corresponding FLEX
sensor responses, expressed as resistance change, are shown
in Fig. 4.
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Figure 3: FE simulation of the soft sensor shell under top-
sector loading, using displacement-controlled excitation.
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Figure 4: FLEX sensor resistance changes during external
excitation at different internal pressure levels.

4 Summary

The inflatable soft sensor operated as intended, with dif-
ferent internal pressure levels resulting in distinct sen-
sor responses. The integrated FLEX sensors exhibited
orientation-dependent behaviour. Further refinement of the
numerical model and the manufacturing process is required
to improve signal quality and repeatability.
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Discrete time act-and-wait control for mechanical systems
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Advisor: Dr. Maté Benjamin Vizi, associate professor, vizi@mm.bme.hu

1 Introduction

Digital control of mechanical systems faces significant chal-
lenges stemming from sampling delays and physical nonlin-
earities, such as dry friction. To evaluate control theories in
a real-world setting, a new experimental setup was devel-
oped. This research identifies the parameters of the govern-
ing mathematical models and validates them using a tradi-
tional proportional-derivative (PD) control strategy.

Additionally, this project implements a time-dependent
control strategy—the act-and-wait control—for the multi-
degree-of-freedom torsional system. By periodically switch-
ing the control action on and off, this method seeks to over-
come the destabilizing effects of feedback delays.
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Figure 1: The multi-degree-of-freedom torsional experimen-
tal setup.

2 Parameter Identification

The experimental rig was discretized into three distinct me-
chanical models to evaluate control strategies across varying
degrees of freedom. The physical parameters were identified
using four specific experimental methodologies: static deflec-
tion tests to determine spring stiffness, free-decay measure-
ments to calculate damping ratios, and numerical minimiza-
tion techniques to calibrate the moments of inertia, the motor
constant, and nonlinear friction characteristics.

3 Control Strategies

The control theories were developed for a linear state-space
system:
x(t) = Ax(t) + Bu(t).

The traditional PD control was implemented with a sampling
and delay time of 7 = 10 ms. In contrast, the act-and-wait
strategies utilized varying intervention and waiting periods
optimized for each of the three models. Comprehensive nu-
merical simulations were conducted to predict system behav-

Budapest University of Technology and Economics
Faculty of Mechanical Engineering

Department of Applied Mechanics

H-1111 Budapest, Mtegyetem rkp. 5. — www.mm.bme.hu

ior and ensure stability under nonlinear effects. Following
these simulations, the control strategies were safely deployed
on the experimental setup.
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Figure 2: Experimental response of the digital act-and-wait
strategy.

Both control strategies successfully reached the target
states, achieving global stability in the experimental environ-
ment. While the PD controller provided a quasi-continuous
response, the act-and-wait method demonstrated its charac-
teristic step-wise convergence.
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Figure 3: Experimental response of the digital PD strategy.

4 Summary

The experimental measurements using PD control success-
fully validated the accuracy of the identified system param-
eters, confirming the robustness of the traditional controller
in a digital environment. The PD strategy demonstrated high
reliability and precision, effectively managing inherent sys-
tem dynamics and noise.

In parallel, the implementation of the digital act-and-
wait controller introduced a unique and effective stabilization
technique. The results confirmed that the act-and-wait strat-
egy is a highly suitable choice for systems characterized by
large time delays—scenarios where traditional continuous or
quasi-continuous control theories often fail to maintain sta-
bility. However, the experimental findings also highlighted
the method’s vulnerability to nonlinearities.
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Finite element modelling of inflatable 3D printed soft
robots

GERGELY IMRE KOZAK
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1 Introduction

Soft robotics is a new approach to robotics, which, unlike
rigid body robotics, uses actuators constructed from soft,
elastomeric materials. Soft robots have a chamber, which in
this case built up from boxes, which is filled with a certain
liquid or gas, causing it to inflate. Soft robots can be used
in a wide range of applications, such as a gripper treating
delicate or varying-size objects or even in healthcare as they
are less likely to damage the skin or other organs. Another
aspect is that soft robots can be manufactured with simple
techniques, such as 3D printing or molding. For these rea-
sons, it is important to investigate soft robots as they might
present solutions for problems of rigid body robots.

2 Applied Methods

Due to the complex behavior of rubber-like materials and
the complicated geometry of the robot, analytical approach
cannot be used to calculate the deformation of the robot.

Figure 1: Geometry of the investigated robots

For this, a numerical method, the finite element method

is used, with which even a complex behavior during inflation
can be described. This was done in a finite element software
called Abaqus, where the simulations could be set up with
python scripts. Using this, an automated simulation envi-
ronment was developed to create different set-ups easily, by
modifying a few parameters.
During the inflation of a soft material, the so called snap-
buckling effects occur. In my investigation, the snap-
through effect was present. This means that the deformation
increases with decreasing pressure beyond a critical point.
In order to be able to simulate such behavior, a particu-
lar finite element method, called the Riks method had to
be used. The bending angle and the curvature of the de-
formed robots were investigated, as well as the effects of the
uncertainty of the material model.
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Figure 2: Deformed shapes of the investigated robots

3 Results

From the simulations, the inflation pressure and the coor-
dinates of the nodes were obtained. Using these, curves
were fitted to the deformed shape, and it was found that
the larger the chamber boxes are the greater the pressure is
needed to achieve similar curvature. The bending angle was
also studied, from which the snap-through effect could be
seen. This investigation was carried out on real-life robots
as well, where similar characteristics were found.
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Figure 3: Pressure-bending angle characteristics of an ellip-
tical robot

The material uncertainty study showed, that even a
smaller difference in the material model can lead to signifi-
cant changes in the pressure-angle characteristics.

4 Summary

Even though the simulations describe the real-life behavior
well, improvements are needed to create a more realistic en-
vironment in the finite element software. The fitted material
model is especially important as it can change the simula-
tion results significantly.
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A geometria és az anyagi nemlineritasok hatasa lagy rudak
kihajlasara

KUPECZIK BARNABAS
Gépészmérnoki BSe, Gépészeti FejlesztS Specializacio, 2025/2026/1.
Témavezetd: Dr. Berezvai Szabolcs, PhD, adjunktus, berezvaiQmm.bme.hu

1. Bevezetés

A lagy, hiperelasztikus anyagok, mint példaul a szilikonok
mechanikai viselkedése jelentGsen eltér a hagyomanyos, li-
nearisan rugalmas anyagokétol. Nagy alakvaltozasok esetén
a geometriai nemlinearités instabil jelenségekhez vezethet,
amelyek lefolyasat az anyagi nemlinearitas jelentGsen befo-
lyasolja. Ilyen instabil jelenség példaul a kihajlas is, ez és
a hasonlo jelenségek a mérnoki gyakorlatban, kiilonosen a
lagy robotika és az energiaelnyel6 szerkezetek tervezése so-
ran kiemelt jelentGségtiek. A szakdolgozat célja a hiperelasz-
tikus anyagu rudak kihajlasi viselkedésének vizsgalata kisér-
leti mérések és végeselemes szimulaciok segitségével, amely
soran a geometriai kialakitas és részben az anyagi nemline-
aritas hatasat elemeztem a kihajlas jellegére.

1. dbra. Lagy rud kihajlasa nyomoterhelés hatasara,

2. Alkalmazott modszerek

A kisérletek soran tobbféle anyag egytengelyd nyomo-, és
kihajlasi vizsgalata lett elvégezve kiilonb6z6 geometriai ara-
nyok mellett. A kihajlasi folyamat kiértékelése a mért eré-
elmozdulas és a mérés soran késziilt vided feldolgozéasaval
tortént. A mérések soran szamos eltéré geometriaju és
anyagi probatest lett vizsgélva. A mérések alapjan hipere-
lasztikus anyagmodellek illesztését és ezek felhasznalasaval
végeselemes szimulacios kornyezet létrehozéasat folytattam
Abaqus szoftverben, amely soran implicit, explicit és Riks-
modszer alapi analiziseket alkalmaztam.
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2. abra. Kisérleti és VEM kihajlasi alakok 0sszehasonlitéasa

3. Eredmények

A kisérleti és numerikus vizsgélatok alapjan megallapithato,
hogy a geometriai ardnyok jelentés hatassal vannak a lagy
rudak kihajlasi viselkedésére. A karcsibb rudak esetében
a kihajlas fokozatosan alakul ki, mig nagyobb w/L arany
mellett atpattand és visszapattand instabilitési jelenségek
jelentkeznek. A végeselemes szimulaciok a kihajlasi alakok
jellegét és lefutasat képesek visszaadni, azonban a kritikus
pontok helye és értéke eltérést mutat a kisérleti eredmények-
hez képest.
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3. dbra. Normalizalt kihajlasi gorbék kiilonbozs w/L ara-
nyok mellett.

4. Osszefoglalas

A vizsgélatok eredményei alapjan megallapithatd, hogy a
geometriai-, és anyagi nemlinearitdsok meghatarozo szere-
pet jatszanak a lagy rudak kihajlasi viselkedésében. A vé-
geselemes modell alkalmas a geometriai és anyagi hatasok
osszehasonlito vizsgalatara és a kihajlasi jelenségek jellegé-
nek bemutatasara, a kritikus terhelések és alakvaltozasok
eltérése a modell tovabbi finomitassal csokkenthetdk.




Karbon leng8kar tervezése Eco-marathon versenyautéhoz

KALMAN KRISTOF
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Témavezetd: Dr. Magyar Balint Baldzs, adjunktus, magyar@mm.bme.hu

1. Bevezetés

A Shell Eco-marathon versenyeken a cél nem a sebesség
maximalizaldsa, hanem a fogyasztds minimalizalasa, amelyben
a jarmii tomege kiemelt szerepet jatszik. A dolgozat célja a
BME SharkTeam Urban Concept kategdrids versenyautojanak
hatsé futomiivében talalhatd lengdkar Ujratervezése. A korab-
ban hasznalt aluminium alkatrész tomege és geometriai kiala-
kitasa nem felelt meg maradéktalanul a csapat fejlesztési célja-
inak, ezért sziikségessé valt egy konnyebb, ugyanakkor megfe-
lel6 szilardsagu szerkezet kidolgozasa. A fejlesztés soran kar-
bonszal-erdsitésli kompozit anyag alkalmazasaval egy olyan 1j
lengdkar koncepcio késziilt, amely alkalmas a versenyiizemben
fellépd terhelések biztonsagos viselésére, mikozben hozzajarul
a jarmi Ossztomegének csokkentéséhez.

1-2. abra: Az Urban Concept, avagy ,,Luna” (balra), és a
jelenleg alkalmazott lengokar (jobbra)

2. Alkalmazott modszerek

A tervezési folyamat elso lépéseként elemeztem a korabban
alkalmazott leng6kar geometriai és szerkezeti tulajdonségait.
Ezt kovetden kiszdmoltam a jelenlegi lengdkart éré mechanikai
terhelések nagysagat €s irdnyat, figyelembe véve a jarmii tome-
gét, a kanyarodasbdl szarmazo centripetalis erdket, valamint a
gyorsitas és fekezés soran fellépd atterhelddéseket is.

3. abra: Az alkatresz mechanikai terhelései

Budapesti Miiszaki és Gazdasagtudomanyi Egyetem
Gépészmérnoki Kar, Miiszaki Mechanikai Tanszék
1111 Budapest, Miiegyetem rkp. 5.

www.mm.bme.hu

A geometriai modellezés a PTC Creo 8.0 CAD szoftverrel
késziilt, mig a szilardsagi ellendrzésekhez az ANSYS
Workbench: Static Structural végeselemes modellez6 moduljat
alkalmaztam. Az anyagmodellezés soran izotrop karbonszalas
kompozit anyagmodellt hasznaltam, amely megfeleld kozeli-
tést biztosit a vizsgalatokhoz.

3. Eredmények

A szimulacios eredmények alapjan a tervezett karbonszalas
lengdkar kialakitas képes a szamitott legkedvezdtlenebb terhe-
l1ések biztonsagos viselésére. Az ekvivalens fesziiltségek és az
alakvaltozasok mértéke a megengedett tartoméanyon beliil ma-
radt, mikézben az 0j konstrukcié jelentés tomegcsokkenést
eredményezett a korabbi aluminium alkatrészhez képest. Az
eredmények igazoljdk, hogy a kompozit anyag alkalmazésa a
futdmi ezen eleméné¢l mérnokileg indokolt és hatekony meg-
oldast jelent.

4. abra: A kivalaszott modell ekvivalens fesziiltségei

Koncepcido | Tomeg (Creo al- | Tomeg eltérés az eredeti
tal becstilve) [kg] | modellhez képest [%]
Eredeti
modell 1.2 i
Qyoates 0,472 60,67
koncepcid

4. Osszefoglalas

A szakdolgozat bemutatja, hogy karbonszalas kompozit al-
kalmazéasaval a Shell Eco-marathon versenyautdk futomiive-
nek tomege csokkenthetd. Az elkészitett modell szilardsaga és
merevsége végeselemes elemzés alapjan megfeleld, az anyag-
valasztas pedig hozzajarul a jarmi tomegének csokkentéséhez
¢s ezaltal az energiahatékonysag noveléséhez. A szakdolgozat
eredményei jO alapot szolgaltatnak a BME SharkTeam gyarto
csapatanak késobbi gyartési és kisérleti vizsgalatokhoz.
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Motion analysis of electric scooter rider

ZSOMBOR MAGYARI
Mechatronical Engineer BSc, Specialisation in Mechanical Engineering Modelling, 2025/2026/1.

Supervisor: Dr. Dénes TAKACS, Associate professor, takacs@mm.bme.hu

1 Introduction

In recent years, micromobility vehicles such as electric scoot-
ers have rapidly gained popularity in urban transportation.
While they provide an environmentally friendly and efficient
alternative to traditional means of transport, their small
size makes them more difficult to control, which contributes
to an increasing number of accidents. Improving safety re-
quires a better understanding of the combined dynamics of
the vehicle and its rider. The aim of our research is to an-
alyze the motion of an electric scooter and the rider’s body
movements. To describe the motion of the scooter, we ap-
plied the Whipple bicycle model (shown in Fig. 1.).

\
\
handlebar and \
fork assembly

“

Zo

Yo

Figure 1: The mechanical model of the scooter with rider

2 Applied Methods

For experimental data collection, we equipped a commer-
cial electric scooter with a set of measurement devices (see
Fig. 2.). The global position of the vehicle was determined
by an RTK GNSS modul with up to 5 cm accuracy, while the
longitudinal velocity was obtained from the built-in Hall-
effect sensor of the motor. The steering angle was mea-
sured through a modified shaft equipped with a precision
angle sensor, and the spatial orientation of the scooter was
recorded by a Bosch BNOO085 IMU, providing yaw, roll, and
pitch values. To capture the rider’'s movement, a camera was
mounted on the scooter, recording video at 30 frames per
second. The rider’s body pose was estimated using a neural
network-based image analysis method, which was trained
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on a dataset created with the help of the OptiTrack mo-
tion capture system. The center of mass (CoM) position
of the rider was then calculated from the estimated body
keypoints.

Steering angle
measurement

Velocity
measurement

Lye.
” | r"\ j :

Camera

Figure 2: The sensor-equipped electric scooter

3 Results

The sensor-equipped scooter enabled the collection of ac-
curate motion data not only under controlled laboratory
conditions but also in real road environments. The neural
network-based image analysis gave accurate results (shown
in Fig. 3.) with an average absolute error of less than 4
centimeters.

0.5

1.5 . 1.5

7 m]

0.5 0.5
.

0.5 0 . 0

x [m] 0 0.5 1 -0.5 0 0.5
x [m] ¥ [m]

Figure 3: The measured skeleton model, the calculated and
the predicted CoM with green and blue dots, respectively

4  Summary

The vision-based rider motion tracking approach makes it
possible to study the coupled dynamics of the scooter and
its rider in realistic scenarios. The results indicate that neu-
ral network-based CoM estimation is a promising tool for
analyzing human motion in micromobility applications. A
future task is to create a more general and diverse train-
ing dataset to improve the accuracy and robustness of the
estimation under various conditions.
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Modeling and Estimation of Human Driving Dynamics
Using Data-Driven Approaches

GERGO MAHUNKA
Mechatronical Engineer BSc, Specialisation in Mechanical Engineering Modelling, 2025/2026/1.
Supervisor: Dr. Bence Maté Szaksz, Associate professor, szaksz@mm.bme.hu

1 Introduction

The transition to fully autonomous roads entails a prolonged
period of mixed traffic, during which Autonomous Vehicles
(AVs) must coexist with Human-Driven Vehicles (HVs). We
investigate a guided-control scenario in which an AV actively
influences a following HV. The primary goal is to identify
human driver parameters using a Human-in-the-Loop setup.

EAY AV
41 40

reference

Figure 1: Vehicle following model

2 Applied Methods

Data was collected from 11 participants driving in a simu-
lated environment. To estimate the unknown driver param-
eters, two distinct approaches were compared. First, the
Bayesian Adaptive Direct Search (BADS), a derivative-free
optimization method, was used to minimize the error be-
tween simulated and measured trajectories. Second, data-
driven Neural Network (NN) architectures were employed,
including a black-box and physics-informed grey-box mod-
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Figure 2: Schematic for a grey-box neural net

3 Results

The investigation revealed significant trade-offs between
computational efficiency and model robustness. BADS
demonstrated superior accuracy in recovering physical pa-
rameters, particularly the time delay, with a success rate
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exceeding 92%. While Neural Networks offered significantly
faster training times, they often overfit local dynamics. In
platoon simulations, this overfitting manifested as string in-
stability, leading to collisions in longer vehicle chains. Con-
versely, BADS provided stable parameters that effectively
act as a low-pass filter for human inputs.

22
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o 16] S
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= ®
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G 10 \ - I-6

8 1 1 |

0 5 10 15

Headway [m]

Figure 3: Acceleration response to given headway and AV
velocity combinations

4 Summary

This work highlights that, although data-driven neural net-
works are flexible, incorporating physical constraints via op-
timization methods such as BADS is essential for safety-
critical applications. The BADS-optimized models main-
tained stability for an average of 21.2 vehicles in heteroge-
neous platoons, compared to fewer than 9 for neural net-
works. Such research can contribute to a safer mixed-traffic
environment, as advanced autonomous systems could pre-
dict human behavior and avoid potential accidents.
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Figure 4: Simulation of velocity profiles for a heterogeneous
vehicle platoon
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Mechanical Modeling of FR4 Based Printed Circuit Boards

ANDRAS MARK MUDRA
Mechatronical Engineer BSc, Specialisation in Mechanical Engineering Modelling, 2025/2026/1.

Supervisor: Dr. Balint Magyar, Assistant professor, magyar@mm.bme.hu

1 Introduction

Due to the ever expanding complexity of electronic products,
accurate mechanical simulations are increasingly important.
The thesis aims to improve the accuracy of PCB strain sim-
ulations through the development of material models, com-
parison of copper track representation methods in Ansys
Mechanical, and assessment of the effects of copper track
orientation and fill ratio.

2 Applied Methods

In composite finite ele-
ment simulations, the ob-
ject of interest and its mi-
crostructure differ in size
by several magnitudes;
this requires material
homogenization. Rep-
resentative volume ele-
ments (RVEs) were cre-
ated using Ansys Ma-
terial Designer, Ansys
SpaceClaim, and literature data on constituent materials
and FR4 structure. Various load cases were applied to
these RVEs to determine effective material properties such
as Young’s modulus, Poisson’s ratio, and coefficient of ther-
mal expansion.

Figure 1: Woven RVE

PCBs contain multiple copper layers that can be mod-
eled in simplified ways to reduce complexity while maintain-
ing accuracy. Fully modeled traces served as the baseline,
while trace mapping, and a reinforcement method — orig-
inally developed for rebar in concrete but well suited due
to the similar geometry of FR4 and copper — were also
investigated.

Newly obtained materials were used to create PCB mod-
els for computer-simulated linear quasi-static three-point
bending tests. The normalized deflection from simulations
was evaluated and validated using real two-layer prototypes
on a professional three-point bending machine.

Figure 2: Specimen with longitudinal copper traces
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3 Results

Numerical  mod-

els provide ma- |AR)|
terial  properties Prepperty |%|
in all principal CTE X 5.38
directions,  while CTEY 0.77
datasheets  typi- Young’s modulus X | 5.03
cally report only Young’s modulus Y | 8.28
lengthwise and

crosswise  values.  lable 1: Relative difference between
Available  catalog catalog and simulated values
data were com-

pared with the numerically obtained FR4 properties.

For a simple prototype, the Ansys copper representa-
tion methods showed very low deviation. Reinforcement
method matched the exact geometry almost entirely, while
trace mapping deviated only by a negligible amount.

Value [AR|
Method [ N ] from exact
mm [%]
Exact geometry | 16.093 -
Reinforcement | 16.095 0.012
Trace mapping | 16.054 0.242

Table 2: Comparing copper modeling techniques

The force needed for the same central deflection were
nearly twice as high for fully coated PCBs, revealing the
importance of copper volume fraction; trace orientations
(lateral vs. longitudinal) also affected behavior, which are
further discussed in the thesis.

Specimen | Normalized deflection %
Measurement | Simulations

Blank 12.67 13.53

Full copper 23.50 22.32

Table 3: Differences in deflection between completely blank
FR4 and substrates fully covered in copper on both sides

4  Summary

Overall, the methods applied in the thesis produced reliable
results, and although somewhat limited, real measurements
supported the findings. However, several future improve-
ments and measurements are needed to validate other ma-
terial properties and further improve accuracy of the models.
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Kompozit kerékfelni tervezése és gyartasa hallgatoi
versenyautohoz

MATYUS ANDOR
Gépészmérnoki BSe, Gépészeti FejlesztS Specializacio, 2025/2026/1.
Témavezets: Dr. Magyar Balint, adjunktus, magyar@mm.bme.hu

1. Bevezetés

A szakdolgozat célja egy egyedi versenyfelni megtervezése
volt a BME SharkTeam Léna nevi prototipusahoz, amely
a Shell Eco-Marathon nemzetkozi versenyen vesz részt. A
felni tervezésének {6 célja Léna tomegének és az eddig hasz-
nalt kerekek veszteségeinek csokkentése. A veszteségek nagy
részét a burkolatlan féktarcsak, a féknyergek nem megfelels
rogzitése és a kormanyri nem elég merev bekotése okozta.

1. abra. Léna a 2024-es versenyen

2. Alkalmazott modszerek

A bonyolult geometria és nem linearis anyagviselkedés mi-
att a szilardsagi ellendrzések elvégzéséhez végeselem mod-
szert hasznaltam. A vizsgélatokat ANSYS STUDENT 2025
R1-ben végeztem. A terheléseket az el6zd évben végzett
szamolasok és mérések alapjan vettem fol a kerék talppont-
jaban.

| \“‘n'n""' ,

2. abra. A szimuléci6 soran hasznalt szalirany
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A gyarthatosag miatt a felni két f6 részbdl all. A kom-
pozit tarcsabol és egy aluminium gytriibdl, amelyhez csat-
lakozik a gumiabroncs. A feladat lényegi részét a tarcsa ré-
tegrendjének meghatarozéasa tette ki. A rétegrendek model-
lezését az ANSYS ACP moduljaban végeztem. Ez a modul
lehetévé teszi a kompozit alkatrészek viselkedésének ponto-
sabb elemzését. Figyelembe veszi a szovetek esését, szalira-
nyat, az anizotrop viselkedést, ezzel javitva az eredmények
pontossagart.

Mivel a legnagyobb terhelés a kanyarodasbol adodo haj-
litas, igy a legjobb megoldas, ha a szovetek szélirdnya su-
ragirany.

3. Eredmények

A szimulaciok alapjan a rétegek szamat nem a benniik ébre-
dé fesziiltség, hanem a gyarthatosag hatarozza meg. A meg-
felelg szélirany eléréséhez a szovetbdl trapéz alaki darabo-
kat kell kivagni, és ezeket egymason elcsiisztatva Osszelami-
nalni. Mivel a terhelések igen kicsik, igy laminatumonként
2 réteg UD szovet elégendd az elvart szilardsagi tulajdonsé-
gok eléréséhez.

Ansys

2025R1

STUDENT

3. dbra. A laminadtumokban ébredd fesziiltség

4. Osszefoglalas

A felni szilardsagilag megfeleld, a versenycsapat altal gyart-
hato. Tovabbi fejlesztési lehet6ség a kompozit gytrd gyér-
tasa, ezzel a felni tomege tovabb csokkenthetd.




Investigation of the Nonlinear Dynamics of a Dual-Disk
Torsional Oscillator

Z1TA MESZAROS
Mechanical Engineering Modelling MSc, Major in Solid Mechanics, 2025/2026/1.
Supervisor: Dr. Bence Maté Szaksz, assistant professor, szaksz@Qmm.bme.hu

1 Introduction

Nonlinear torsional vibrations occur in many mechanical
systems such as drivetrains, robotic joints and rotating ma-
chinery, where stiffness or contact effects depend on vibra-
tion amplitude. These nonlinearities lead to amplitude-
dependent resonance shifts, hysteresis and jump phenom-
ena, which cannot be captured by linear models.

This work experimentally investigates the nonlinear
forced response of a dual-disk torsional oscillator and eval-
uates the accuracy of Spectral Submanifold (SSM) based
third-order models for different types of torsional stiffness
nonlinearities.

Figure 1: Experimental dual-disk torsional oscillator used
for nonlinear vibration measurements

2 Measurements and investigated
nonlinearities

To study different types of nonlinear torsional behavior,
three spring configurations were investigated on the same
dual-disk test rig:

e a virtual nonlinear spring implemented in control,

e a torsion spring with S-bend and geometric nonlinear-
ity,

e a stop-pin spring introducing non-smooth contact ef-
fects.

For each configuration, quasi-static torque-angle mea-
surements were performed to identify the nonlinear stiffness,
followed by stepped sine sweep excitation to obtain the fre-
quency response curves. Upward and downward sweeps were
applied to reveal amplitude-dependent resonance shifts and
hysteresis. The same measurement and evaluation proce-
dure was used for all configurations, ensuring direct com-
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parability of the results. The experimentally obtained re-
sponses were used to validate third-order models without
additional parameter tuning.

Figure 2: Investigated torsional spring configurations: vir-
tual nonlinear spring (left), torsion spring with S-bend (cen-
ter), stop-pin spring (right).

3 Experimental and modeling re-

sults
e All spring configurations exhibited amplitude-
dependent resonance shifts and hysteresis.

e SSM-based reduced-order models accurately predicted
resonance frequency and backbone curves for smooth
nonlinearities.

e No additional parameter tuning was required after pa-
rameter identification.

e For the stop-pin spring, intermittent contact effects
caused deviations in peak amplitudes, highlighting the
limitations of smooth polynomial stiffness models.

Torsion spring with S-bend: measurement vs SSM vs Poincaré

o Measurement (up-sweep)
L] Measurement (down-sweep)
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Figure 3: Measured and model-predicted frequency response
for the S-bend torsion spring
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Hiperelasztikus anyagmodell implementalasa
izogeometrikus analizist hasznalé eljarasba

NEMETH SZABOLCS
Gépészmérnoki MSc Alkalmazott Mechanika Specializécio, 2025/26/1,
Témavezetd: Dr. Hénap Gabor, Adjunktus, henapg@mm.bme.hu

1. Bevezetés

Az izogeometrikus analizis a hagyomanyos végeselem mod-
szerekkel ellentétben a modellezésnél racionalis, nem egyen-
kozi B-spline gorbéket hasznéal. Ezek segitségével tokéle-
tesen leirhatok akar a kupszeletek is, igy a geometridknal
nincsen sziikség egyszertisitésekre. Ezek a NURBS testek
atemelhetsk a CAD szoftverekbdl, tehat nincs sziikség hé-
lozéasra, amely a végeselem modszereknél szignifikdns idét
vesz igénybe, emellett még az eredmények is pontosabbak
lesznek.

2. Alkalmazott mo6dszerek

Munkam soran az altalam implementalt megoldoba elGszor
egy linedrisan rugalmas, majd hiperelasztikus anyagmodel-
leket épitettem be. A validaciot egytengelyt hizas, két-
tengelyd huzas, és tiszta nyiras egyszert geometrian vald
szimulalasaval végeztem, majd az eredményeket Gsszevetet-
tem analitikus megoldasokkal, és ANSYS-bol kapott ered-
ményekkel. Az izogeometrikus analizis és végeselem mod-
szer Osszehasonlitasara egy vastag fala, belsé nyomaéssal ter-
helt cs6 példajat valasztottam, mivel ennek ismert analiti-
kus megoldasa.

o [GPa]
33,348
1
28,317
0,5
E 0 23,285
N
-0,5
18,254
1

0,5

0 0

0,5 —0,5 \\ 13,223
y

1. abra. Bels6 nyomassal terhelt vastag falt csé fesziiltség-

eloszlasa.

3. Eredmények

A 2. abra az emlitett cs6 radidlis iranyta elmozdulasat mu-
tatja a sugar fiiggvényében. Els6 ranézésre mind a VEM
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mind az IGA altal kapott eredmények jol illeszkednek az
analitikus gorbére, azonban mégis nagy kiilonbség van a két
modszer kozott. Az dsszehasonlitasra az L? hibat alkalmaz-
tam. Ezt mutatja be a 1. tablazat.
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2. abra. Bels6 nyomaéssal terhelt cs6 radialis elmozdulésa a
cs6 sugaranak fliggvényében.

IGA VEM
Elemszam 2048 | 1161600
Csomoépont szam | 5445 | 1224762
L? hiba % 0,0114 | 0,0333

1. tablazat. A VEM és IGA 0sszehasonlitéasa.

A tablazatbol lathato, hogy az IGA hibaja kb. harmad ak-
kora mint a VEM hibéaja. Figyelembe kell venni azt is, hogy
az IGA esetén kb. bH67-szer kevesebb elemet hasznéltam.
Ezzel a szamitési id6 is drasztikusan lecsokken, mikozben a
pontossag nd. Tehat az izogeometrikus analizis a végeselem
modszer egy 1j, tovabbfejlesztett modszereként értelmezhe-
t0.

4. Osszefoglalas

A modszer minden esetben egyezést mutatott az analitikus
megoldéasokkal, kiilondsen kiemelve a nyitott cs6é példajat,
mivel a gorbiilt geometriak kezelésében az IGA lényegesen
kevesebb elemmel képes nagyobb pontossagot biztositani,
mint a klasszikus végeselemes modszer.

Az eredmények alapjan megallapithato, hogy az izogeo-
metrikus analizis hatékony és pontos alternativat nyujt a
hagyoményos végeselemes eljarasokkal szemben, kiilonosen
olyan esetekben, ahol a geometriai gorbiilt. Mindezek mel-
lett pedig kevesebb szamitast is igényel. Egyetlen hatra-
nya, hogy nehezebb implementélni, és még kevésbé elterjedt,
mint a jol kidolgozott végeselemes algoritmusok.




Test device for the demonstration of
mechanical synchronization

BALINT PAFFERI

Mechatronic Engineer BSc, Specialisation in Mechanical Engineering Modelling, 2025/2026/1.
Supervisor: Dr. Akos Miklds, associate professor, miklosa@mm.bme.hu

1. Introduction

The aim of the thesis was to develop a conceptual design for an
experimental device suitable for demonstrating the phenome-
non of mechanical synchronization for educational purposes.
After reviewing several devices found in the literature, I opted
for a concept utilizing unbalanced rotors. The setup consists of
two rotors mounted on separate shafts, each driven by an inde-
pendent electric motor, and fixed onto a common 1-DoF plat-
form.

The phenomenon: under appropriate system parameters,
even if the two electric motors drive the unbalanced rotors with
different angular velocities and started from different initial
phase angles, the rotations of the two rotors can eventually syn-
chronize through the motion of the platform: their angular ve-
locities settle to a common value (the slower rotor accelerates,
the faster decelerates); and the phase difference between the
rotors settles to either 0° (in-phase synchronization) or to 180°
(anti-phase synchronization) depending on the natural fre-
quency of the platform.

X

by TR ‘ v%%x

1. Figure: Schematic top view of the concept

2. Applied methods

The mathematical modelling of the system was approached us-
ing two methods: firstly, analytical methods were employed
that provide insight into the system’s steady-state behaviour;
secondly, the system’s equations of motion were solved numer-
ically within a simulation environment built in MATLAB.

The simulation results indicate that, through the selection
of appropriate parameter sets, 6 different states of the system
can be realized. Among these, the case of complete anti-phase
synchronization is highlighted as an example in Figure 2.

It 1s visible that the phase difference between the rotors,
starting at 0.3 rad, settles to « rad in circa 5 seconds. Subse-
quently, the horizontal vibration of the platform (through
which the rotors synchronize) decays, since in this anti-phase
synchronized state, the resultant exciting force generated by the
rotors rotating at the same speed but in opposite phases, be-
comes zero in the direction of the platform’s free motion.
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The results obtained using the two methods are in
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2. Figure: Complete anti-phase synchronization

3. Results

The design goal was to create a device that is compact, ena-
bles spectacular experiments, and allows for the easy imple-
mentation of the parameter sets determined during the simula-
tions. Considering these criteria, the concept shown in Figure
3. was developed, in which the stiffness of the leaf spring sus-
pension, the level of the electromagnetic eddy cur-rent damp-
ing, and the eccentricity and mass of the rotors are all adjusta-
ble, and where the shafts are driven by two small DC motors.

3. Figure: Schematic CAD model of the apparatus

4. Summary

A device realized based on this concept could be used effec-
tively to demonstrate mechanical synchronization in university
education, with the implementation cost estimated at approxi-
mately 500,000 HUF based on specific, commercially availa-
ble components.
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Kisskaladja jarmi kormanymechanizmus fejlestése

POLAK BENCE
Gépészmérnoki BSe, Gépészeti FejlesztS Specializacio, 2025/2026/1.
Témavezetd: Takacs Dénes, egyetemi docens, takacs@mm.bme.hu

1. Bevezetés

Kutatasi célokra hasznalt kis méretd jarmtivek esetén a kor-
manyzas pontossaga kulcsfontossagu. A vizsgalt jarmd ere-
deti kormanymiivében jelentGs holtjaték és szarazsurlodés
volt jelen, ami rontotta a kerékpozici6 ismételhetGségét és
a mérési eredmények megbizhatosidgat. A szakdolgozat célja
egy olyan 4j kormanymechanizmus megtervezése és kisérleti
vizsgélata volt, amely:

e (Csokkenti a holtjatékot,

e Javitja a beallasi pontossagot,

e Megtartja az Ackermann-korméanygeometria alapel-
vét,

e Kutatasi kornyezetben is stabilan és kiszamithatoan
miikodik.

‘

1. dbra. A kisskilajo jarmi erredeti allapota

2. Alkalmazott moédszerek

A kormanymechanizmus fejlesztése iterativ tervezési mod-
szer alkalmazasaval tortént, amely soran a mechanikai ki-
alakitas és a varhato mikodés tobbszori feliilvizsgalata és
finomitésa valosult meg. A tervezési ciklusok soran kiemelt
szempont volt az Ackermann-korméanygeometria alapelvé-
nek megtartasa annak érdekében, hogy a kis skalaju jar-
mu viselkedése a lehets legjobban kovesse a teljes méretii
jarmivek korméanyzasi karakterisztikajat. A szerkezeti ki-
alakitas optimalizalédsa soran a csatlakozasok holtjatékanak
csOkkentése és a rendszer merevségének novelése keriilt els-
térbe, mikozben a mechanizmus hatasfokanak romlasat el
kellett keriilni. A végleges konstrukcio kialakitasat kine-
matikai elemzés és CAD-alapu tervezés el6zte meg. Az 1j
mechanizmus javulasat kisérlettel igazoltuk.

A mérések soran a korményzott kerekek elmozdulasét
lézeres tavolsagmérdvel rogzitettiik, mikozben a kerekek te-
hermentes allapotban voltak, igy a kiils6 hatasok nem be-
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folyasoltdk az eredményeket. A korméanyzast szervomotor
végezte, az adatgytjtés pedig allandd mintavételezési frek-
vencia mellett tortént.

Szllérd alap

- -
""—z. \\\.,

2. 4bra. Mérés elrendezése

3. Eredmények

Az elvégzett kisérleti vizsgalatok egyértelmiien igazoltak az
attervezett korménymechanizmus elényeit az eredeti kiala-
kitassal szemben. A mért adatok kiértékelése alapjan a
holtjaték mértéke jelentGsen csokkent, amely a korméanyzott
kerekek pontosabb és ismételhetébb beallasat eredményez-
te. Az 1j mechanizmus esetén méar kis szervoszog-kitérések
mellett is stabil és jol elkiilonithet6 kerékelmozdulasok vol-
tak mérhetdk, mig az eredeti rendszerben ezek a valtozasok
gyakran a mérési zajszinthez kozeli tartomanyban marad-
tak. A normalizalt szoras értéke a legtobb vizsgalt esetben
csokkent, ami javuld pozicionalasi pontossagra és kedvez&bb
mechanikai viselkedésre utal. Az eredmények Osszességében
alatamasztjak a kormanymechanizmus javulasat.

4. Osszefoglalas

A szakdolgozat keretében egy kis skalaju kutatéasi jarmi kor-
manymechanizmusanak tovabbfejlesztése és kisérleti vizsga-
lata valosult meg. A tervezés soran sikeriilt a mechanikai
holtjatékot jelentGsen csokkenteni, mikdzben az Ackermann-
geometria megérzése biztositotta a valésaght jarmitiviselke-
dést. A laboratoriumi mérések eredményei igazoljak, hogy
az attervezett kormanymi javitotta a korményzas pontos-
sagat és ismételhetGségét, ezaltal a jarmi alkalmasabba valt
preciz, kutatasi célu alkalmazasokra.




Késleltetett atpattand lagy szerkezetek mechanikai
modellezése

PONTYOS ISTVAN GYULA
Gépészmérnoki BSe, Gépészeti FejlesztS Specializacio, 2025/2026/1.
Témavezetd: Dr. Berezvai Szabolcs, adjunktus, berezvai@mm.bme.hu

1. Bevezetés

Az atpattanas jelensége lehetévé teszi a rugalmas energia
tarolasat és annak gyors felszabaditasat, igy egyes esetek-
ben kivanatos lehet ennek kiaknézasa. A szakdolgozat célja
az atpattanas mechanikai vizsgédlata kvazistatikus és els6-
sorban id6fiiggs esetekben, mind szimulacios, mind valos
kornyezetben.

2. Alkalmazott moédszerek

A 1. abran lathato geometriat két szakirodalmi példa kom-
binélasaval hataroztam meg. Hat hasonlo, de az ivelt ge-
rendéik alakjaban eltérd szerkezetet vizsgaltam. Az egyes
testeket a [ vastagsagparaméter kiilonbozteti meg, amely
az 1v legvastagabb és legvékonyabb részének hanyadosa. Az
adott [ altal leirt geometrianak ivét az x paraméter hata-
rozza meg.

f(x)

1. abra. Vizsgalt lagy szerkezet geometridja 5 = 1,4 esetén.

A szerkezetet végeselemes és valos kornyezetben végzett
vizsgélatokkal is tanulmanyoztam. A feladat sordn hipere-
lasztikus anyagmodellel a kvazistatikus, és viszkoelasztikus
anyagmodellel a test id6fliged viselkedését vizsgaltam. An-
nak érdekében, hogy a numerikus szamitasok elvégzéséhez
a szerkezet anyagjellemzdit kisérleti iton meg kellett hata-
rozni. Ezek hizo- és nyomoprobatesteken végzett mérések
¢és az azokbol szarmazoé erd-elmozdulas adatokra illesztett
kozelits fiiggvények paramétereinek segitségével modellez-
hetSk végeselemes kornyezetben.

Az egyes geometriakhoz ontéformék késziiltek 3D nyom-
tatassal a fizikai megvalositashoz. A testeken elmozdulésve-
zérelt méréseket hajtottam végre, majd ezek eredményeit
Osszehasonlitottam a numerikus eredményekkel. Ezeken fe-
lil a végeselemes kornyezetben erévezérléssel a szerkezet kés-
leltetett atpattanasat vizsgaltam kiilonbozd terhelések mel-
lett.

Budapesti Miiszaki és Gazdasagtudomanyi Egyetem

Gépészmérnoki Kar, Miiszaki Mechanikai Tanszék
1111 Budapest, Miiegyetem rkp. 5.
www.mm.bme.hu

3. Eredmények

A vizsgalt hiperelasztikus anyagmodellek koziil az Ogden
2 tipust bizonyult a legpontosabbnak. Az illesztett fiigg-
vények paramétereit alkalmaztam az egyes [-kra jellemzd
geometridkra, és igy az atpattanas jelenségére jellemzd F'(u)
gorbéket kaptam (lasd 2. abra).

— B=10 =12 — pB=14 — B=16 — B=18 — B=20

MONOSTABIL

0.0
BISTABIL \/

0 5 10 15 20 25
u [mm]

2. abra. Osszesitett Ogden 2 eré—elmozdulas gorbék kiilon-
b6z 5 értékekre.

A mért és szamitott viszkoelasztikus paramétereket vé-
geselemes kornyezetben alkalmazva és erévezérelt szimuléci-
ok elvégzésével a szerkezetek késleltetett atpattanasa tanul-
manyozhato. (lasd 3. abra).

1.21

—— =10

B=12

1.01 — B—14
—— =16

ZOB — ;3:1.8
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3. abra. Az alkalmazott erd és dtpattanési id6 6sszehasonli-
tasa [ valtoztatasanak hatéasara.

4. Osszefoglalas

A vizsgélatok alkalmasnak bizonyultak az atpattanas tanul-
manyozasara kiilonbozé anyagmodellek esetén. Az elmoz-
dulésvezérelt szimulaciok megfelelGen szemléltetik az atpat-
tands jellegzetességeit (negativ meredekség, egyes esetekben
bistabilitas). Az erGvezérelt szimulaciok eredménye segitsé-
gével becsiilthetSk a késleltetett atpattandsok az egyes [3-
kra, adott F'(t) értékek mellett. Tovabba a fizikai és nu-
merikus kisérletek Osszehasonlitasa is hasonld atpattanasi
viselkedést igazolt.




Dynamics of Frictional Contacts in Mechanics

BALINT GERGELY
Mechanical Engineering Modelling MSc, Major in Solid Mechanics, 2025/2026/1.
Superuvisor: Balazs Bauer, PhD student, balazs.bauer@mm.bme.hu

1 Introduction

Using a simple benchmark mechanical model with frictional
contact and impacts — Figure (1) — this work investigates
how energy dissipation and friction can give rise to stable,
self-excited oscillations.

While impacts are usually associated with energy loss, their
interaction with sliding friction may lead to periodic motion
under the right conditions. Analytical tools and numerical
simulations are used to identify the parameter ranges and
configurations that lead to this behaviour.

k,c N

Figure 1: Mechanical model.

2 Applied methods

An apparent coefficient of restitution is introduced, which
encompasses both the elastic normal impacts and the effects
of sliding friction — seen in Equation (1).

P+ /P2 +4(Ppy + €3¢7)
pAT '

r (1)
Here, ¢y, denotes the angular velocity before impact, P is
a parameter containing geometric and frictional effect (in-
cluding the relative velocity V'), and eq is the dissipative
coefficient of restitution.

Two restitution models were investigated: a constant dissi-
pative coefficient and a velocity-dependent visco-elastic for-
mulation. Numerical simulations were performed to analyse
time responses, bifurcation diagrams, and phase portraits.
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3 Results

The main result of the study is the bifurcation diagram seen
in Figure (2), showing an isolated fold bifurcation.

The trivial equilibrium is analogous to a damped oscillator,
which sways around its resting position. Beyond a critical
relative velocity a stable limit cycle appears, in which pe-
riodic impacts keep the system stable. An unstable branch
separates these two stable regions, resulting in bistability.
This bifurcation structure appears robust across all investi-
gated parameter variations and restitution models, differing
mainly in quantitative values. For this reason, the diagram
can be interpreted as a ‘master curve’ describing the global
system behaviour.

—— Stable branch
30) — Unstable branch
—— Trivial equilibrium
=== |§0imp|
0
10
0
0.00 0.02 0.04 0.06 0.08 0.10
V [m/s]
Figure 2: Numerically constructed bifurcation diagram

showing a robust isolated fold bifurcation.

4  Summary

The results show that the qualitative bifurcation structure of
the system remains robust across different restitution laws.
Stable equilibria, periodic impact motions, and clear stabil-
ity boundaries are consistently observed. This indicates that
the global dynamics are governed mainly by the interaction
between friction and impacts, and not by the exact form of
the restitution law.
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Esztergakés el6- és hatlapon megoszlé er6rendszereinek
modellezése és szerepiik a forgacsolas stabilitdsaban

SANDOR ZALAN
Gépészmérnoki BSce, Gépészeti FejlesztS Specializacio, 2025/2026/1.
Témavezetd: Dr. Stépan Gabor, professzor emeritusz, stepan@mm.bme.hu

Konzulens: Dr. Bachrathy Daniel, egyetemi docens, bachrathy@mm.bme.hu

1. Bevezetés

A forgacsolasi folyamat soran a szerszamgépek elkertilhetet-
leniil rezgéseket szenvednek el. Ezek a rezgések gyakran a
szerszamkésen a legjelentGsebbek, mert altalaban ez a kevés-
bé merev elem. A szerszamkésre hatd erérendszer azonban
Osszetett: a rezgéseket kivalto erd jelentGs része az elGlaprol
szarmazik, azaz a forgacs képzédéséhez és lefutasahoz kap-
csolodik, ugyanakkor a hatlapon is ébred erd a szerszamkés
és a munkadarab érintkezése miatt. Ez a hatlapi érintkezé-
si erd alacsony fordulatszamokon altalaban rezgéscsillapito
hatast okoz. A jelenség kiilonlegessége, hogy a kés min-
den fordulatban a sajat, korabbi mozgéasa altal kialakitott
munkadarab-feliilettel talalkozik, ezért ongerjesztett rezgeé-
sek is kialakulhatnak. Az elSlap esetén ennek a visszaha-
tasnak az idgskaldja a munkadarab egy teljes koriilfordulési
ideje, mig a hatlapnal ez lényegesen révidebb, emiatt az els-
és hatlapi erérendszer egyiittes vizsgalata a folyamat stabi-
litdsa szempontjabol érdekes kovetkezményekhez vezet.

Szerszamkés

Munkadarab

1. abra. A szerszamkés és a munkadarab érintkezési zonai,
valamint a kés rezgéstani modellje

2. Alkalmazott moédszerek

A hatlapi érintkezés modellezéséhez a munkadarab anyagi
viselkedését a Prandtl-Reuss—féle rugalmas-tokéletesen kép-
lekeny rugokarakterisztikaval irtam le. Ez a feltevés lehetéveé
tette a szerszamkés hatlapja alatt lokédlisan deformalodott
térfogat matematikai modellezését, amely egy allapotfiiggd
késleltetett differencialegyenlethez vezetett. Ezt kovetGen a
stabilitasvizsgalathoz egy ezzel ekvivalens lineéris rendszert
hasznaltam, amelyet kiegészitettem az el6lapi terhelés kon-
centralt er6t hasznald modelljével. Végiil az igy felallitott,
esztergalasi folyamatot leir6 matematikai modell egyensulyi
pontjanak stabilitasat vizsgaltam analitikus tton.
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3. Eredmények

A stabilitasvizsgalat eredményeként az Q dimenziotlan for-
dulatszam és az a, dimenzibtlan fogasmélység paramétersi-
kon meghataroztam a stabil és instabil tartomanyokat elva-
laszto hatargorbéket, valamint az ezekhez tartoz6 berezgési
frekvenciakat. A stabilitasvesztés a hatargorbék alsd bur-
kolojan kovetkezik be, az instabil tartoményba lépve pedig
a rezgés amplitidodja a linearis modell szerint korlatlanul
novekszik.
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2. abra. A stabilitasi hatargorbék (lent) és a hozzajuk tar-
tozo berezgési frekvencidk (fent).

4. Osszefoglalas

Az eredményként kapott stabilitdstérkép Osszhangban van
az el6zetes elvarasokkal. A jellegzetes ,lobe” struktura mel-
lett jol kivehets, hogy alacsony dimenzidtlan fordulatsza-
moknal a stabilitasi hatargorbe felfelé tolodik, ami a hatlapi
érintkezeés altal létrehozott csillapitd hatas kovetkezménye-
ként értelmezhets. Ezzel parhuzamosan ugyanakkor meg-
figyelhet6 a hatargorbék bal oldali tartomanyénak kiszéle-
sedése alacsony fordulatszam és nagy fogasmélység esetén,
ami egy érdekes eredmény, és fizikai hatterének, helyességé-
nek megitélése tovabbi, célzott vizsgalatokat igényel.




Stability analysis of dynamical systems with delay

SomoDI AKOS ISTVAN
Mechanical Engineering Modelling MSc, Major in Solid Mechanics, 2025/2026/1.
Supervisor: Dr. Hajdu David, assistant professor, hajdu@mm.bme.hu

1 Introduction

Time-delay systems are when the dynamics of the system de-
pend on past states. This dependence often causes instabil-
ity in otherwise stable systems. Many engineering problems
are modeled in this manner such as regenerative machine
tool chatter, aircraft control, wheel shimmy models, human
balancing, vehicle dynamics, and so on.

The objective of the study was to demonstrate and com-
pare different methods for determining the stability of time
delay systems. The obtained condition was then used to
draw stability charts for different parameter sets.

151

1

0.5

S 0
-0.5

-1

-1.5
-1 0 1 2 3 4 5

Figure 1: The stability diagrams for a one degree of free-
dom delayed damped oscillator. The black lines represent
the D-subdivision method, the color map shows the Padé
approximation and the red markers are the results of the
Lyapunov-Krasowskii approach.

2 Applied methods

In total six different methods were used to determine the
stability diagrams for various systems:

e Padé approximation;

Lyapunov-Krasowskii method;

D-subdivision method;

Collocation method;

Chebyshev polynomial-based approach;

e Pseudospectral differentiation method.

The last three methods are similar in a sense, that all of
them are based on the Chebyshev nodes.
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3 Results

Stability maps were created for three autonomous and one
time periodic delayed systems. Aside from these charts,
the characteristic roots of the three Chebyshev node based
methods were compared and the complexity of each method
was analyzed via the runtime of the code segments.
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Figure 2: The complexity of each method based on the code
runtime.
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Figure 3: Comparison of the characteristic roots.

4  Summary

The results of the thesis show that most studied methods
can be used for the creation of stability maps. The sta-
ble points obtained from the Lyapunov-Krasowskii method
were vastly different than for all other approaches.
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Nyomastarté berendezések rugalmas és rugalmas-képlékeny el-
lenGrzési eljarasainak 6sszehasonlitasa

SZIROVICZA CSABA
Gépészmérnoki MSc, Alkalmazott Mechanika Specializacio, 2025/2026/1.
Témavezeto: Dr. Magyar Balint, adjunktus, magyar@mm.bme.hu

1. Bevezetés

A diplomaterv megirdsa soran a célunk az volt, hogy az
ASME BPVC szabvanyrendszer segitségével a linedrisan ru-
galmas és rugalmas-képlékeny (rugalmas- idedlisan képlé-
keny) anyagmodellek esetén megvizsgalhassuk a megfele-
18ségi kritériumokat. A szadmitdsokndl az ANSYS Mechanical
2023 R1 verziodjat hasznaltuk.

2. Alkalmazott modszerek

A végeselemes modell geometridja és haloja az elsé dbran
lathat6, a modell egy tartalybol és egy hozza csatlakozo cs6bol
all. A modell terhelése egy adott nagysagu belsdé nyomas volt.

1. dbra: A végeselemes modell felépitése

Az eredményeket a meridian iranyban létrehozott
nyomvonalak mentén kértiikk le, ezek elhelyezkedésérdl is
beszurtunk egy abrat. A meridian koordinata ivhossz
koordinataként értelmezhetd.

2. abra: A nyomvonalak elhelyezkedése a meridian iranyban

3. Eredmények

ElsOként linedrisan rugalmas anyagmodellel végeztiink
szdmitdsokat, a geometriai paramétereket valtoztatva abrazol-
tuk a membranfesziiltség-intenzitast a merididn koordinata
fliggvényében, errdl lathatdo eredmény az alabbi dbran. A szi-
lardsagi megfeleldség a megengedett fesziiltségértéket megha-
lado fliggvényrészek meridian iranyu kiterjedésének nagysaga
alapjan vizsgalhato.
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Membranfesziiltség-intenzitas a meridian tavolsag mentén
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3. abra: A membranfesziiltség-intenzitas a merididn
koordinata fiiggvenyeben a tartaly falvastagsagat valtoztatva

Rugalmas-képlékeny  anyagmodellt alkalmazva a
tonkremeneteli terhelés nagysagat allapithattuk meg, ami az
adott csomodpont terhelés-teljes alakvaltozas fliggvényét
abrazolva ugy éallapithatd meg, hogy a rugalmas szakasz
meredekségének felével szerkesztett egyenes metszéspontjat
keressiik az eredeti fliggvénnyel. A szilardsagi megfelel0seg
ugy allapithatdo meg, hogy a tervezési terhelés a tonremeneteli
terhelés kétharmadat nem haladhatja meg, €s minimalis
falvastagsag is eld van irva.

62 milliméteres tartaly falvastagsagu modell kritikus
csomdpontjanak nyomas - teljes alakvaltozas diagramja

14
12

10

—&— Nyomds

Nyomas [MPa]

—8—Egyenes

0
0,0E+00 1,0E-03 2,0E-03 3,0E-03 4,0E-03 5,0E-03

Teljes egyenértékii alakvaltozas [1]

4. abra: Példa a tonkremeneteli terhelés megallapitasara

4. Osszefoglalas

Az egyes fesziiltségek definicioja alapjan megfeleld ered-
ményeket kaptunk a geometriai paramétereket valtoztatva, és
azt is megallapithattuk, hogy rugalmas-képlékeny anyagmo-
dellt alkalmazva joval nagyobbak a megengedett fesziiltségér-
tékek az adott modellekre adott terhelésen.
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Vontatmany stabilizalasa hatsé kerék kormanyzassal

SZONTAGH BALINT
Gépészmérnoki BSe, Gépészeti FejlesztS Specializacio, 2025/2026/1.
Témavezetd: Dr. Takacs Dénes, egyetemi docens, takacs@mm.bme.hu

1. Bevezetés

A jelen dolgozatban azt kivanjuk belatni, hogy a jarmdipar-
ban alkalmazott hatsé kerék kormanyzassal nem csupan a
jarmivet, hanem a vontatmanyt is stabilizalni lehet.

A vontatmanyszallitds soran, a jarmitszerelvény insta-
billa valik bizonyos sebesség folott. Ezen jelenség vizs-
galatahoz az un. bicikli-modellt alkalmaztuk, amely egy
egyszertsitett sikbeli jarmitimodell. Célunk az erre felirt
differencialegyenlet-rendszer linearizalasa, majd elemzése a
stabilitds szempontjabol. Tovabbé szeretnék bevezetni egy
egyszert szabalyozot, amely a hatso kerék kormanyszogét
aktualja, ezzel bovitve a stabilitasi tartomanyt.

1. 4bra. A dolgozatban hasznélt mechanikai modell

2. Alkalmazott modszerek

A dolgozat soran Wolfram Mathematica-t hasznaltunk a
szamitasok elvégzésére. Azt az esetet vizsgaltuk, amikor
a jarmi sulypontjanak hosszirdnyu sebességére egy allando
értéket adunk meg, tehat kinematikai kényszertink van.

Ennek megfelel6en a jarmiszerelvény mozgasat leiro
differencialegyenlet-rendszer felirdsahoz a Kane-egyenleteket
hasznaltuk. A kerekek és az utburkolat kozott atadodo ers-
ket pedig az in. kvdzi staciondrius gumikerékmodellel irtuk
fel, amely joval pontosabb leirast tesz lehetévé az egyszertd
merev kerekek helyett.

A kapott differencidlegyenlet-rendszert
matrixos alakra tudtuk hozni.

linearizélva,
Ezen matrix sajatértékei-

Budapesti Miiszaki és Gazdasagtudomanyi Egyetem

Gépészmérnoki Kar, Mitiszaki Mechanikai Tanszék
1111 Budapest, Miegyetem rkp. 5.
www.mm.bme.hu

nek segitségével végeztiik a stabilitasvizsgalatot, kiilonbo-
76 sebesség (V) és rakomanyelrendezés (ly) értékekre (1d.
1. &bra). Bevezetve egy egyszerd P illetve D szabélyozot,
visszacsatolva a hatso kerék kormany szogét, valamint az id6
szerinti derivaltjat a stabilitasi tartomanyok modosultak.

3. Eredmények

A szabéalyozas nélkiili esetben (I1d. 2. abra, P = 0) lathato,
hogy mind a sebesség, mind a rakoméanyelrendezés kritikus
paraméterek a stabilitds szempontjabol.
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2. abra. Stabilitasi térkép P szabalyozo esetén

Alkalmazva a P szabélyozot (1d. 2. abra, P # 0) lat-
hato, hogy a stabilitési tartoméany nagyban kib&vithetd, ne-
gativ P értékek esetén, joval nagyobb mértékben, mint a D
szabalyozonal.

4. Osszefoglalas

A stabilitasi térképen (2. abra) lathato eredményeket nu-
merikus szimulaciokkal is alatamasztva belattuk, hogy egy
egyszerti P szabalyozoval nagyban kib&vitheté a stabilita-
si tartomany a vontatményszallitas soran. A D szabalyozo
csak a dinamikus, mig P szabalyoz6 esetén a statikus és
dinamikus stabilitasvesztést egyarant tudta kezelni a szaba-
lyozas.

Ezen dolgozat arra mutat ra, hogy a hatsoé kerék kor-
manyzas alkalmazésa nagyban javitja a jarmt stabilitasat
vontatmany szallitas esetén is. Erdemes lehet tovabbi vizs-
galatokat tenni a téméaban, igy, hogy mar belattuk a stabil
tartoméany novelésének lehet&ségét.
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Development of steering system for Formula Student race

car

BOLDIZSAR TOROK
Mechatronical Engineer BSc, Specialisation in Mechanical Engineering Modelling, 2025/2026/1.

Supervisor: Dr. Dénes TAKACS, associate professor, takacs@mm.bme.hu

1 Introduction

As a member of the BME Formula Racing Team, I devel-
oped the steering system for our 2026 electric race car. The
primary engineering challenge was to design a single inte-
grated mechanism capable of handling both manual pilot
control and autonomous (driverless) steering, without com-
promising the performance of either mode.

The main objectives were to meet the strict Formula
Student safety regulations, reduce the system’s weight com-
pared to the previous year’s iteration, and eliminate me-
chanical play (backlash) to improve the driver’s sense of
control and the car’s handling precision.

2 Applied methods

I began by evaluating various automotive steering concepts
using weighted decision matrices to find the optimal bal-
ance between mass, complexity, reliability and other factors.
Based on this analysis, I selected a configuration utilising
a double-toothed rack actuated by a single universal joint
steering column, see Fig. 1.

Figure 1: The integrated steering assembly

To ensure structural integrity, I performed iterative force
calculations based on a maximum cornering load of 2.5 G,
resulting in a design load of 1560 N on the rack. A criti-
cal component, such as the shaft connection, was validated
through Finite Element Method (FEM) analysis to prevent
fatigue failure under these loads.

3 Results

The final design introduces several key improvements. To
address handling issues caused by backlash in previous
years, I designed an adjustable eccentric ring within the

Budapest University of Technology and Economics
Faculty of Mechanical Engineering,

Department of Applied Mechanics

1111 Budapest, Miiegyetem rkp. 5. www.mm.bme.hu

bearing housing, see Fig. 2. This allows for precise,
fine-tuning of the gear mesh distance, minimising free-play
throughout the season.

.

Figure 2: The eccentric ring design

For reliability, I replaced the previous polygon shaft pro-
file with a robust keyed connection, which the FEM analysis
confirmed has a safety factor of 1.4 even under conservative
fatigue loading assumptions, see Fig. 3.

L

Figure 3: Von Mises stress distribution for the keyed con-
nection.

The autonomous functionality is achieved via a Maxon
electric motor and a custom disconnect mechanism. This
mechanism uses a double-threaded stud to physically sep-
arate the driverless pinions when not in use, ensuring the
pilot feels no added mechanical resistance during manual
driving.

4  Summary

The developed steering system successfully integrates man-
ual and autonomous requirements while fulfilling all vehicle-
level goals. It complies with the Formula Student Germany
2026 rules and offers significant weight savings alongside
improved adjustability. The parts are scheduled for man-
ufacturing in January, with assembly and track testing to
follow immediately to validate the handling improvements
in a real-world environment.
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Development of Motion Control for a Self-Driving Race Car

BALAZS TUBA
Mechatronics Engineering BSc, Specialisation in Mechanical Engineering Modelling, 2025/2026/1.

Supervisor: Dr. Dénes TAKACS, Associate Professor, takacs@mm.bme.hu

1 Introduction

Autonomous racing serves as a critical testing ground for
advanced robotics, requiring algorithms that operate at the
limits of handling. This thesis focuses on developing high-
performance motion control strategies for the BME Formula
Racing Team’s autonomous race cars.

The primary objective is to overcome the limitations of
the currently used Pure Pursuit by implementing model-
based control strategies. The research targets the Formula
Student Driverless disciplines, specifically Acceleration and
Trackdrive, aiming to minimise lap times while ensuring sta-
bility and strict path tracking.

2 Applied Methods

To capture the vehicle’s behaviour even at high speeds,
a nonlinear dynamic bicycle model was derived with the
accompanying transformation into a curvilinear coordinate
system. Alongside a linearised variant suitable for linear
optimal control formulations was also presented.

Figure 1: The dynamic bicycle model.

Based on these models, four control strategies were de-
veloped. A Linear Quadratic Regulator (LQR) was designed
specifically for the Acceleration discipline to ensure stabil-
ity. For complex circuit driving, three variants of Model
Predictive Control (MPC) were formulated:

e Reference Tracking MPC (RTMPC): Tracks a prede-
fined trajectory by minimising deviation from its ref-
erence points.

e Model Predictive Contouring Control (MPCC): Splits
the tracking error into longitudinal and lateral com-
ponents.

e Curvilinear MPC (CMPC): Uses a Frenet-frame

Budapest University of Technology and Economics
Faculty of Mechanical Engineering
Department of Applied Mechanics
H-1111 Budapest, Mtiegyetem rkp. 5. — www.mm.bme.hu

model where progress is measured along arc length
rather than reference points.

The effects of various constraints, including track bound-
aries and nonlinear friction ellipses, were also examined.

3 Results

The evaluation shows that model-based controllers signifi-
cantly outperform the classical geometric approach. In the
Acceleration event, the LQR produced smooth, stable lat-
eral behaviour, eliminating the oscillations observed with
Pure Pursuit while maintaining minimal steering effort. For
circuit driving, the optimisation-based controllers achieved
far tighter path tracking, reducing maximum and RMS lat-
eral error by more than a factor of two compared to Pure
Pursuit. MPCs consistently operated near the feasible dy-
namic envelope, demonstrating balanced coordination of lat-
eral and longitudinal dynamics.

In terms of racing performance, the predictive controllers
improved lap times by approximately 0.4 s, with CMPC
achieving the fastest overall lap despite a looser lateral error
profile driven by its progress-oriented cost formulation. All
MPC variants ran reliably faster than real time, with MPCC
showing the most stable solver behaviour. Extensions with
tyre or track constraints worked as intended but introduced
notable computational overhead and frequent convergence
issues, highlighting the trade-off between physical accuracy
and real-time feasibility.

Table 1: Comparison of tracking accuracy, lap time, and
computational cost.

Controller ~ RMS [m| Lap Time [s] Avg Solve [ms|
Pure Pursuit 0.62 51.20 -
RTMPC 0.19 00.77 2.90
MPCC 0.19 50.78 277
CMPC 0.42 49.53 3.02

4 Summary

The thesis demonstrates that model-based control offers a
decisive advantage for autonomous racing. The LQR suc-
cessfully eliminated lateral oscillations experienced with the
Pure Pursuit method. The Nonlinear Model Predictive
Controllers demonstrated superior path-tracking capabili-
ties while decreasing lap times. A hybrid control architec-
ture is proposed, switching strategies based on the racing
discipline and operational conditions.

HHH

Lalalinl/nlinl il /nlinliall0)

1782



Applicability of tractrix curve for path-planning

BALINT TUSOR
Mechatronical Engineer BSc, Specialisation in Mechanical Engineering Modelling, 2025/2026/1.

Supervisor: Levente Mihalyi, PhD student, mihalyi@mm.bme.hu

1 Introduction

Truck platooning represents a promising approach for road
freight transport by reducing fuel consumption, enhancing
traffic safety, and alleviating driver shortages through the
operation of multiple vehicles under the supervision of a
single human driver. A major challenge in platooning sys-
tems is the generation of feasible and safe trajectories for the
following vehicles, which is significantly constrained by their
kinematic properties. In this research we examine this chal-
lenge by focusing on the planning of a U-turn maneuver for a
truck-semitrailer system. As an alternative to conventional
U-turn trajectories constructed from clothoid segments, a
trajectory based on tractrix segments is proposed.

'

(02) £V

/ \_\, _\\htch\
. \.»' Tractrix

1 T
-1 | 1 2 3

(0:0) Watchchain —

Figure 1: Generation of the tractrix curve using a pocket
watch.

2 Applied Methods

To investigate the proposed path-planning approach, a
Python-based trajectory generation program was developed,
in which a tractrix-based U-turn path is generated by three
adjustable parameters. Each trajectory consists of a circu-
lar arc connected to two tractrix segments. The asymp-
totic property of the tractrix enables smooth transitions
between straight and curved sections. As a first step, the
tractrix-based turning path was compared to a conventional
clothoid-based trajectory commonly found in the literature,
with the aim of identifying the potential advantages of the
proposed alternative.

Subsequently, the motion of a point-mass traveling at
constant velocity was simulated along tractrix-based U-turn
paths generated with different parameter sets. This allowed
the evaluation of the kinematic properties of the motion and
the assessment of how trajectory parameters influence driv-
ing quality. Finally, the motion of a truck-semitrailer system
was analyzed using a proportional Pure Pursuit controller,

Budapest University of Technology and Economics
Faculty of Mechanical Engineering
Department of Applied Mechanics
H-1111 Budapest, Mtegyetem rkp. 5. — www.mm.bme.hu

where the reference point was defined at the rear axle of the
truck. During these simulations, the normal and tangential
accelerations of selected axles, the evolution of relative ar-
ticulation angles, and the swept path effect were examined.

3 Results

Compared to conventional clothoid-based U-turn paths,
tractrix-based trajectories offer clear advantages due to their
smooth curvature transition between straight and curved
sections, resulting in improved driving comfort. Moreover,
tractrix paths are easier to generate and can be expressed
more simply in mathematical terms, improving practical im-
plementation.

The trajectory parameters significantly affect the kine-
matic properties, such as maximum normal acceleration,
and must therefore be carefully tuned to ensure sufficiently
gradual curvature changes for comfort and safety.

Finally, simulations for articulated heavy vehicles with
large swept path requirements confirmed that the tractrix-
based approach is particularly advantageous. Under normal
driving conditions, low normal and tangential accelerations
at the trailer axle enable safe cargo transport.

J ———

----- Reference path
—— Rear axle of the tractor

—— Rear axle of the semitrailer

Figure 2: Trajectory of the truck’s rear axle and the semi-
trailer’s axle during the tractrix based U-turn.

4  Summary

Based on the results, the tractrix-based U-turn path demon-
strates favorable characteristics that make it a promising al-
ternative for practical use. Its smooth geometric properties
and ease of generation support reliable, safe, and comfort-
able maneuvering, which is particularly advantageous for
path planning in autonomous truck platooning applications.

g

m
nm " ase nlalalal(nl(n a0 a/nln]

MUEGYETEM 1782



Calculation of surface roughness patterns in milling
operations

PETER ANDRAS TOROK
Mechatronics Engineer BSc, Mechanical Modeling Specialization, 2025/2026/1.
Supervisor: Dr. David Hajdu, Assistant Professor, hajdu@mm.bme.hu

1 Introduction

Surface roughness is a critical quality indicator in pre-
cision milling. Traditional kinematic models (R, ~ f?/8R)
assume a rigid tool and often underestimate the real rough-
ness.

—The 1% cutting edge — The 2™ cutting edge .....Tool center

Figure 1: Ideal trochoidal tooth path of the mill cutter

Objective: This thesis presents a time-domain simula-
tion model to predict surface roughness for variable pitch
milling cutters, accounting for:

e Machine tool dynamics (vibrations).
e Tool geometry (runout, pitch variation).
e Dynamic tool deflection.

2 Applied Methods

Mechanical Model: Cutting forces are calculated us-
ing a linear force model and transformed into tool dis-

placements via the system’s Frequency Response Function
(FRF).

Geometric Approximation: Instead of computation-
ally expensive point-cloud methods, a novel Parabolic Ap-
proximation algorithm was implemented:

e Trochoidal tool paths are fitted with 2nd-order poly-
nomials.

e The final surface is generated by calculating the lower
envelope of these intersecting parabolas.

e This allows for a fast, analytical solution to the surface
generation problem.

Budapest University of Technology and Economics
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First revolution of each tooth and parabola

Tooth #1 revolution
-8.005v f====- Fitted Parabola for tooth #1
Tooth #2 revolution
----- Fitted Parabola for tooth #2
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Figure 2: Fitted parabola on the trochoidal tooth paths

3 Results

Stability Map (R, vs. n): A parametric sweep
(4500 — 20000 [rpm]|) revealed the dynamic behavior.
e Resonance: Roughness peaks occur where the tooth
passing frequency coincides with the natural frequency
(n =~ 7800 [rpm]).
e Sweet Spots: Optimal zones (e.g., n ~ 12000 [rpm))
offer minimal roughness.

1

Simulation R,

— — —Theoretical Limit | |
— — —1-Tooth Limit

Effective 1-Tooth Cuttin:

02r Theoretical Limit (2 Teeth)|

05 1 15 2
n [rpm] x10*

Figure 3: Surface roughness (R.) vs. spindle speed (n)

One-Tooth Dominance: In unstable regions, vibra-
tions cause a "runout effect" where only one tooth generates
the surface, effectively quadrupling the roughness compared
to the kinematic ideal.

4  Summary

e The simulation successfully predicts that dynamic
roughness significantly exceeds the theoretical kine-
matic limit (0.21 [pm] vs 0.16 [um]).

e The parabolic approximation method proved to be
both accurate and computationally efficient.

e The model enables process planners to select optimal
spindle speeds to maximize productivity while main-
taining surface quality.
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