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ABSTRACT
Tool geometry directly influences the dynamic performance

of milling operations. Both surface properties and stability be-
havior are significantly influenced by the regeneration effect.
The regeneration phenomenon is modelled by delay differential
equations with delays originated from the time passed between
consecutive flute passes. This work presents the implementation
study of a constrained general optimization scheme for cutting
edges of cylindrical milling cutters based on functional mini-
mization principle. Mathematically, this leads to the determina-
tion of the corresponding weight function of a distributed delay
differential equation. The presented semi-analytical methodol-
ogy is based on the general milling model implemented in the
semidiscretization framework.

INTRODUCTION
This work establishes the main mathematical framework for

custom tool optimization against chatter vibration. The resulted
performance are expected to go further as the one for variable
pitch [1], variable helix [2] or serrated cylindrical tools [3]. This
broad optimization scheme might lead to controversial tool de-
signs but it is worth to show maximal performance that can be
achieved on chatter suppression [4] using special tool geome-
tries. The method presented in this work is based on semidis-
cretization [5], that means, both roughing and finishing opera-
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tions are modelled in the optimization scheme adequately.

GENERAL MILLING PROCESS
In this section the general geometry of a cylindrical cutter

is considered with continuous functions. Both radial and helical
variations are possible, here. The main purpose is to find the rele-
vant unknowns for a complete optimization scheme to maximize
performance. There are obvious problems with this configuration
regarding to the toughness of such tools with general geometry.
A proper force model is also a problem, which can consider the
actual chip flow of such edges.

General geometry
Basically, the general helix is described by the pitch angle

function

ϕp, j(z) = ϕp, j(0)+ϕη , j(z)−ϕη , j+1modZ(z), (1)

that contains the difference of the helix lag angle functions of
neighbor-hooding edges j and j+1modZ, where j = 1,2, ...,Z.

The actual helix angle can be originated from the helix lag
angle function in the following way

tan η j(z) = R j(z)ϕ
′
η , j(z), (2)
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FIGURE 1. A real implementation (a) and the sketch (b) of the
milling cutter with harmonically varied helix. (The real tool was pro-
vided by Prof. Gy. Matyasi: see Acknowledgment.)

considering the radii R j(z). Variation in the radii changes the
lead angle as

R′j(z) = cotκ j(z). (3)

Due to the obvious ring definition of the pitch angles, such as,
∑

Z
j=1 ϕp, j(z) = 2π, one of the (first) helix lag angle function is

chosen to formulate a complete optimization scheme. Conse-
quently, the edge geometry is uniquely defined if the following
functions are known (i = 1,2, ...,Z−1):

ϕp,i(z), ϕη ,1(z) and R j(z). (4)

In this manner all other describing functions can be expressed
with (4) according to (2) as

ϕp,Z(z) = 2π−
Z−1

∑
i=1

ϕp,i(z) and

ϕ
′
η ,l(z) =

l−1

∑
i=1

ϕ
′
p,i(z)+2

Z−1

∑
k=l

ϕ
′
p,l(z)+ϕ

′
η ,1(z),

(5)

with (l = 2,3, ...,Z).

Regenerative Force
Regeneration of the surfaces is directly originated from the

pitch angles due to the constant rotation of the tool with Ω (see

Fig. 1b). Thus

τ j,l(z) =
1
Ω

l−1

∑
k=1

ϕp,( j+k)modZ(z). (6)

In (6) all consecutive arrangements of delays are described to
consider the missed-cut effect induced by irregular radii in suc-
cessive edges. In this way, all possible ’geometric’ chip thick-
nesses can be described as

hg, j,l(z, t,rt(θ))≈ r j,l(z, t,rt(θ))n(ϕ j(z, t)), (7)

where the regenerative spatial state of the tool is described by
the shift rt(θ) = r(t +θ) (θ ∈ [−τ,0], τ = max j,l,z τ j,l(z)). The
geometric chip thickness in (7) is approximated by the local edge
portion movement during τ j,l(z)

r j,l(z, t,rt(θ)) := r j(z, t)− r j+l(z, t− τ j,l(z)) =

∆r j,l(t)+

 (R j(z)−R j+l modZ(z))sinϕ j(z, t)+ f j,l(z)
(R j(z)−R j+l modZ(z))cosϕ j(z, t)

0

 , (8)

projected to the local normal n according to (7) [3]. The so-called
regenerative term

∆r j,l(t) = r(t)− r(t− τ j,l(z)) (9)

describes the difference between the present r(t) and delayed
r(t − τ j,l(z)) relative motions to the tool holder. The angular
position of an edge portion is described with

ϕ j(z, t) = Ω t +
j−1

∑
k=1

ϕp,k(z)−ϕη ,1(z), (10)

while the tool moves f j,l(z) = v f τ j,l(z) during one consecutive
pass τ j,l(z) with the secondary ’feed’ motion v f in the x direc-
tion (see (8)). By considering the minimum of all possible chip
thicknesses the effective one can be derived as according to [6]

hg, j,e(z, t,rt(θ)) =
Z

min
l=1

hg, j,l(z, t,rt(θ)). (11)

By excluding edge portion passes outside the radial immersion
(ri) and the edge portion passes related to missed-cuts (mc) the
real chip thickness can be given as

h j(z, t,rt(θ)) = g j(z, t,rt(θ))hg, j,e(z, t,rt(θ)),where
g j(z, t,rt(θ)) = gri, j(z, t)gmc, j(z, t,rt(θ)),

(12)
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where the screen functions g j are defined with Heaviside step
function H as:

gri, j(z, t) = H(ϕ j(z, t)mod2π−ϕen)−H(ϕ j(z, t)mod2π−ϕex),

while gmc, j(z, t,rt(θ)) = H(hg, j,e(z, t,rt(θ)))

(13)

The radial immersion is simply described with the entrance and
exit angles, ϕen and ϕex, respectively. The local specific force can
be determined in the local t (tangential), r (radial) and a (axial)
coordinate system (tra), that is,

ftra, j(z, t,rt(θ)) =−(Ke +Kch j(z, t,rt(θ))),

where Ke and Kc are the edge and cutting coefficients of the ma-
terial being cut. The specific force can be rewritten in Cartesian
system using the following transformation

F(t,rt(θ))=−
Z

∑
j=1

∫ a

0
g j(z, t,rt(θ))

T(ϕ j(z, t))ftra, j(z, t,rt(θ))

cosη j(z) sinκ j(z)
dz

where T(ϕ) is the transformation matrix [7] between the (tra)
and the (xyz) system.

Milling Dynamics
General non-proportional dynamics is considered in the fol-

lowing way in space of modal coordinates q

q̇(t)− [λl ]
2n
l=1q(t) = Uᵀ F(t,rt(θ)), (14)

where λk = −ζkωn,k + ωd,ki (k = 1,2, . . . ,n and λn+k = λ k).
The kth damped natural angular frequency ωd,k originates from
the undamped one ωn,k and the modal damping ratio ζk as

ωd,k = ωn,k

√
1−ζ 2

k . The mass normalized modal transforma-
tion matrix U contains 2n mode shapes Uk. This transforms
the modal coordinates q to spatial (x,y,z) ones as col(r, ṙ) =
col(U,U[λl ]

2n
l=1)q.

Linear stability
In order to analyse stability, one can introduce a so-called

variational equation [8] ’around’ the period-one stationary solu-
tion col(rP, ṙP) = col(U,U[λl ]

2n
l=1)qP with time period T = 2π/Ω

u̇(t)= [λl ]
2n
l=1u(t)+

Z

∑
j=1

∫ a

0
C j(z, t)(u(t−τ j(z))−u(t))dz, (15)

where q = qP +u and C j(z, t) = C j(z, t +T ). According to the
Floquet theory [8], the stability of the linear system (15) is deter-
mined by the monodromy operator U(T )

uT (θ) = (U(T )u0)(θ). (16)

The spectrum of the linear operator U(T ) consists of so-called
characteristic multipliers denoted by µ . If all multipliers lie in-
side the unit-circle of the complex plane, the time-periodic sta-
tionary solution is asymptotically stable. Several semi-analytical
methods exist to discretize the operator U(T ) and approximate
it with a matrix Φ whose eigenvalues approximate the dominant
characteristic multipliers (see [9]). These methods lead to the
following form

zp = Φz0, (17)

where p ∈ N is the resolution of the time period, z j =
colrl=0 ut j(−l∆θ) is the discretized state with t0 = 0, tp = T ,
∆θ = ∆t = T/p, and r = bτ/∆θc is the delay resolution. The
semidiscretization method (SDM) [5] is one of the simplest
among these methods, which serves sufficiently accurate results
within reasonable computational time. In this paper, we used
SDM to predict SLD’s (see figure 2).

OPTIMIZATION SCHEME
Generally, an optimal edge geometry with the highest ’sta-

ble’ axial depth of cut values should incorporate, in the parame-
ter region Σ, with the smallest accumulated maximum magnitude
multipliers. In other words, one wants to minimize µmax(z) over
(Σ,z) ∈ XΣ× [0,amax]. By assuming intuitively that a = 0 axial
depth of cut is stable, the milling tool is actually can be ’built up’
from z = 0 to an given working length amax.

By considering that every edge geometry segment at z actu-
ally affect the spectral behaviour of Φ (17) the maximal multi-
plier corresponding to the axial level z has the definition

µmax(z) :=
µmax(ϕp,i;z(ζ ),ϕ

′
p,i;z(ζ ),ϕη ,1;z(ζ ),ϕ

′
η ,1;z(ζ ),R j;z(ζ ),R′j;z(ζ ))

(18)

with the spatially retarded definition χz(ζ ) = χ(z + ζ ) (ζ ∈
[−z,0]).

A simple functional can be defined for the optimization over
XΣ× [0,amax] in the following way

Iµ :=
∫ amax

0
Mµ dz =

∫ amax

0

∫
Σ

µmax µmax dΣdz, where

Mµ := Mµ(ϕp,i;z(ζ ),ϕ
′
p,i;z(ζ ),ϕη ,1;z(ζ ),ϕ

′
η ,1;z(ζ ),R j;z(ζ ),R′j;z(ζ )).

(19)
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Unfortunately, this definition would lead to a possibly unrealistic
tool geometry since there are no constrains defined for the edge
describing functions.

In order to have a realistic edge definition the following
bounds can be defined

ϕp,min ≤ ϕp, j(z)≤ ϕp,max, ηmin ≤ η j(z)≤ ηp,max, (20)
Rmin ≤ R j(z)≤ Rmax and κmin ≤ κ j(z)≤ κmax. (21)

These can be summarized in the following eight different in-
equality conditions:

g1, j(ϕp,i) := ϕp,min−ϕp, j ≤ 0, (22)
g2, j(ϕp,i) := ϕp, j−ϕp,max ≤ 0, (23)

g3, j(R j,ϕ
′
p,i,ϕ

′
η ,1) := tan ηmin−R j ϕ

′
η , j ≤ 0, (24)

g4, j(R j,ϕ
′
p,i,ϕ

′
η ,1) := R j ϕ

′
η , j− tan ηmax ≤ 0, (25)

g5, j(R j) := Rmin−R j ≤ 0, (26)
g6, j(R j) := R j−Rmax ≤ 0, (27)

g7, j(R′j) := cot κmin−R′j ≤ 0, (28)

g8, j(R′j) := R′j− cot κmax ≤ 0. (29)

By considering the Karush-Kuhn-Tucker optimization scheme
the inequality conditions in (29) can be included in the functional
(19) by introducing Lagrange multipliers λk, j and slack variables
sk, j (r is even) as

M := Mµ +
8

∑
k=1

Z

∑
j=1

λk, j(gk, j + sr
k, j). (30)

The minimum of the kernel in (30) is granted over
z ∈ [0,amax] by considering the variation of the effect
function I :=

∫ amax
0 Mdz as δ I = 0. The variational calcu-

lus lead to Fréchet derivatives w.r.t. the shifted unknown
functions defined in (18) resulting in an Euler-Lagrange
formalism. The retarded functional I has a minimum
when the differential algebraic equation in (31) is satisfied

...i=1,2,...,Z−1∫ 0
−z (Hz(ϑ)−Hz(amax +ϑ))

(
∂Mµ (z−ϑ)
∂ϕp,i;z(ϑ) −

d
dz

∂Mµ (z−ϑ)

∂ϕ ′p,i;z(ϑ)

)
dϑ +∑

Z
j=1 ∑

2
k=1 λk, j(z)

∂gk, j(z)
∂ϕp,i;z(0)

−λk+2, j(z) d
dz

∂gk+2, j(z)
∂ϕ ′p,i;z(0)

= 0,∫ 0
−z (Hz(ϑ)−Hz(amax +ϑ))

(
∂Mµ (z−ϑ)
∂ϕη ,1;z(ϑ) −

d
dz

∂Mµ (z−ϑ)

∂ϕ ′
η ,1;z(ϑ)

)
dϑ −∑

Z
j=1 ∑

4
k=3 λk, j(z) d

dz
∂gk, j(z)

∂ϕ ′
η ,1;z(0)

= 0,

... j=1,2,...,Z∫ 0
−z (Hz(ϑ)−Hz(amax +ϑ))

(
∂Mµ (z−ϑ)

∂R j;z(ϑ) −
d
dz

∂Mµ (z−ϑ)

∂R′j;z(ϑ)

)
dϑ +∑

Z
j=1 ∑

6
k=3 λk, j(z)

∂gk, j(z)
∂R j;z(0)

−∑
8
k=7 λk, j(z) d

dz
∂gk, j(z)
∂R′j;z(0)

= 0,

...k=1,2,...,8, j=1,2,...,Z
gk, j(z)+ sr

k, j(z) = ε s′k, j(z),
...k=1,2,...,8, j=1,2,...,Z

rλk, j(z)sr−1
k, j (z) = 0.



(31)

The equation system theoretically can be solved over z ∈
[0,amax] by considering the initial conditions

ϕp,i;0(0) := ϕp,i,0, ϕ ′p,i;0(0) := dϕp,i,0, λk, j(0) := 0,
R j;0(0) := R j,0, R′j;0(0) := dR j,0, sk, j(0) :6= 0,

ϕη ,1;0(0) := ϕη ,1,0, ϕ ′
η ,1;0(0) := dϕη ,1,0.

(32)

The inequality conditions in (29) are too stiff bounds for
such optimization as tool geometry. Obviously, tool geometry

can not satisfy the conditions abruptly, that is, a singular per-
turbation is introduced by ε for their algebraic conditions. The
singular perturbation allows to approach the bounds in a more
elastic manner avoiding immediate change in the continuous un-
known functions defined in (4)
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FIGURE 2. Stability Lobe Diagram (SLD) of a variable helix cutter
[10].

DIFFERENTIAL FORMS
The multipliers are the eigenvalues of the transition matrix

Φ , thus

(Φ−µI)s = 0 ⇒ (µmax,smax) = (µk,sk)

for such k, where |µmax| := max
k
|µk|.

(33)

By using the corresponding eigenvector smax to µmax the deriva-
tives in (31) can be derived as

∂Mµ

∂α
= sᵀi,max

∂Φ

∂α
smax,

d
dz

∂Mµ

∂β
= sᵀi,max

d
dz

∂Φ

∂β
smax,

where S−1 = (rowk sk)
−1 = colk sᵀi,k, and

α = ϕp,i;z(ζ ),ϕη ,1;z(ζ ),R j;z(ζ ),β = ϕ
′
p,i;z(ζ ),ϕ

′
η ,1;z(ζ ),R

′
j;z(ζ ).

(34)

These derivatives can be determined numerically and the equa-
tion in (31) can be simulated by using a stiff solver. Regardless of
the actual geometry, the simulation of (31) can be enormous con-
sidering that in each step the derivatives must be calculated for
all unknown function (4) for all retarded positions in the interval
ζ ∈ [−z,0].

CONCLUSIONS
This work was motivated to find the best possible edge ge-

ometry to maximize stability for a certain milling operation. The

necessary equations were derived in order to perform a simu-
lation based edge build-up, which results in the optimal geom-
etry under feasibility conditions. These conditions can ensure
the manufacturability of such tool optimized by the scheme pre-
sented. In this work we used the retarded definition for a func-
tional for which the corresponding Euler-Lagrange differential
formalism was derived.
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