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Abstract: The aim of this study is to create mechanical model which is suitable to investigate the surface quality in milling processes, based 

on the Cumulative Surface Location Error (CSLE). This describes the series of the consecutive Surface Location Errors (SLE) in roughing 

operations. In the established model, the investigated CSLE depends on the previously resulted SLE by means of the variation of the radial 

immersion. The phenomenon of the system can be described as a discrete map. Flip- and fold type bifurcation and chaotic behaviour can be 

observed for CSLE. The stability boundaries of the flip- and fold type bifurcations are presented together with the traditional stability chart – 

which presents the chatter-free technological parameter domain. 
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1. INTRODUCTION 

In the industry for production and manufacturing, milling is a widely used method. However, high material 

removal rate often cannot be established in practice due to the instability of the cutting process. This machining 

process induces harmful vibrations which responsible for unacceptable surface quality. These vibrations are 

classified into two groups [1]. One of them is the self-excited vibration which comes from loss of stability of the 

periodic vibration due to the surface regeneration effect [2]. This effect can be modelled with delayed differential 

equations (DDE) [3]. The other type of vibration is the large amplitude forced vibration near to resonant spindle 

speeds [4].  

The so-called stability chart [5] presents the chatter-free (stable) parameter domain which is usually illustrated 

along the parameters of the spindle speed and axial immersion, calculated by numerical methods [6, 7]. The 

stability boundary has pocket between the so-called stability lobes typically at the resonant spindle speed. The 

most productive parameter regions are located between the pockets of the lobes, where large amplitude vibration 

can occur due to the resonant spindle speed which leads substantial Surface Location Error (SLE) [8]. The stability 

chart is usually used at the roughing processes. Due to the fact, that SLE is relevant at finishing operations [9], its 

effect is usually neglected in the model of roughing operations, but despite this, it can has significant impact on 

the surface quality in case of consecutive immersions. 

We introduce a new type of surface error calculation, which consider the effect of the series of SLEs during 

several consecutive immersion in roughing operations. 

The oversize of a workpiece is removed with several consecutive immersions in roughing machining operations. 

At every immersion, the machined surface differs from the desired surface due to the Surface Location Error. The 

current offset error SLEi modifies the next radial immersion and generates different cutting force, which leads to 

a modified subsequent SLEi+1. During this process, the SLE can be accumulated and this phenomenon leads a new 

surface quality parameter denoted by the Cumulative Surface Location Error (CSLE) [10, 11]. The evaluation of 

the series of SLEs values and its stability problems are investigated in milling operations on a Single-Degree-of-

Freedom (SDoF) mechanical model.  

 

Computation of Surface Location Error 

In the followings, the main steps of the SLE computation are summarised based on [12]. The quality of the 

machined surface property – specifically the so-called Surface Location Error (SLE) – is determined numerically 

in case of straight fluted tool. In the mechanical model, the workpiece is considered as a rigid body and the cutting 

tool is considered as SDoF as shown in Figure 1.  
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a) b) 
Figure 1. a) Mechanical model of the cutting process; b) Surface Location Error in the function of spindle 

speed Ω and dimensionless radial immersion a = ae/D, (Parameters: w = 4 mm; z = 1 ; fz = 0.1 mm) 

The cutting process is described with rotational main movement (spindle speed Ω) and feed movement vf, which 

defined by vf=
fz∙N∙Ω

2∙π
, where fz is the feed per tooth and N is the number of the teeth. The motion of the tool centre 

can be described as an inhomogeneous ordinary differential equation in the following forms 

 myÿ(t) + cyẏ(t) + kyy(t) = Fy(t), (1) 

where the dynamical parameters are defined in Table 1., y denotes the general coordinate of the tool centre and 

Fy(t) is its exciting force. In this study, linear force model is considered [13] in which the force is linearly 

proportional to the chip width w and the chip thickness h. The chip thickness consist two parts, stationary and 

dynamic chip thickness [14]. The stationary one is resulted by the projection of the feed motion in the direction of 

the cutting edge hj(φ
j
(t)) =f

z
sin (φ

j
(t)), where φ

j
(t) denotes the current angular position of the jth tooth’s. The 

dynamic one corresponds to the surface regenerative effect of the machining process. Now only the periodic 

motion is analysed, hence only the stationer component of the chip thickness is used. The radial and tangential 

cutting force component is projected to the global coordinate system [15], therefore the exciting force along the y 

direction is given by 

 

Fy(t) = ∑ hj (φ
j
(t))  w g

j
(φ

j
(t)) (Kr cos (φ

j
(t)) − Kt sin (φ

j
(t)))

N

j=1

, (2) 

where g
j
(φ

j
(t)) is the screen function which indicates that the jth edge is in contact with the material or not. Its 

value is 1 when the angular position of the jth edge is between the entre φ
ent

 and exit angle φ
exit

. These angles are 

the non-linear functions of the dimensionless radial immersion [16]: 

 Up-milling:       φ
ent

 = 0,                             φ
exit

 = arc cos(1 − 2a) 

Down-milling:  φ
ent

 = arc cos(2a − 1),  φ
exit

 = π 
(3) 

The periodic solution of the equation of motion (1) describes the vibration of the tool centre, whereby the path 

of the jth cutting edge ej is defined. This solution is determined in frequency domain, based on the Fourier 

transformation. The surface contour is defined by the motion of the cutting edges and their vibrations leads to a 

constant offset error perpendicular to the desired surface. The maximum distance between the milled and desired 

surface is the so-called Surface Location Error (SLE). The SLE is defined by SLE = min (ey,j(t)  + D/2)  in case of 

up-milling, SLE = max (ey,j(t)  - D/2) for down-milling, where ey,j is the y component of the path of the jth cutting 

edge. 

The SLE depends on various cutting parameters. It is linearly proportional to the feed per tooth fz and in case 

of straight-edged-tool it is linearly proportional to the axial immersion w due to the assumption that the cutting 

force is linearly proportional to these parameters. The spindle speed parameter Ω  has a strong non-linear influence, 

since the natural frequencies of the system could be excited by the Fourier components of the cutting force which 

can lead to large resonant vibrations and large SLE values at certain so-called resonant spindle speeds. The SLE is 

a non-linear function of the radial immersion, too, as seen in Eq. 3. This influence has a key role of the following 

analysis, therefore, this function is denoted by SLE = fSLE(a), where dimensionless radial immersion a = ae/D. 

Traditionally, the axial immersion is denoted by ap, and the radial immersion is denoted by ae, however, in this 

study the w notation is used for axial immersion, hence they are equivalent in case straight-edged-tool. In the 

present study, all the computations performed for the parameters presented in Table 1., like modal parameters and 

the cutting coefficients corresponding to the material of the workpiece. 

Ω 
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D 

SLE 

ae 

ky 
 

cy 



mass damping stiffness 
material of the 

workpiece 

Radial cutting 

coefficient 

Tangential cutting 

coefficient 

my = 0.02008 

kg 
cy = 1.15569 

Ns

m
 ky = 413445 

N

m
 AlMgSi0.5 Kr = 2,369∙108

N

m2
 Kt = 6,44∙108

N

m2
 

Table 1. Modal parameters and cutting coefficients [17] 

 

2.  EVOLUTION OF THE CUMULATIVE SURFACE LOCATION ERROR 

In the following sections, we consider the influence of the actual SLEi on the dimensionless radial immersion of 

the subsequent cutting which leads to a modified error SLEi+1 (see in Figure 2.a). During the roughing process, one 

can set the desired dimensionless radial immersion a0 which is modified by the actual SLEi resulting the subsequent 

dimensionless radial immersion  ai+1 = a0 + SLEi/D and the subsequent error: 

 
SLEi+1 = f

SLE
(a0 + 

SLEi

D
) . (4) 

Equation (4) defines a discrete map– based on the dynamical milling model – which determines how one SLE 

develops into another SLE over a subsequent immersions. These series of the SLEs can converged to a fix point 

(see Figure 2.b), which is denoted by CSLE, and computed as a root of the following equation: 

 
 f

SLE
(a0 + 

CSLE

D
)  - CSLE = 0. (5) 

 

Solution methods 

CSLE is the stationer solution of the map Eq. (4). This solution is obtained by two different methods. One of them 

is a numeric iteration of the map defined by (Eq. (4)) and the other is numerically calculated roots of the analytical 

function defined by Eq. (5), made by Multi-Dimensional Bisection Method [18].  

 

 

 
a) b) c) 

Figure 2. a) Mechanical model of Cumulative Surface Location Error; b) Mapping of the fix point by means 

of numeric iteration; c) Validity range of fSLE; mathematically extended model based on Eq. (6) and 

geometrical meanings (bottom figures); Red area: physically invalid range; Parameters: Ω = 4565 rad/s; w = 4 

mm; z = 1 ; fz = 0.1 mm 
 

Validity range 

Both the numerical methods could lead to numeric problems due to the fact that the f
SLE

 function has range of 

validity for the dimensionless radial immersion a ∈ [0,1], which defines the vertical lines in Figure 2.c. In order to 

the mapping of the governing difference equation (4) remains in valid range, the subsequent dimensionless radial 

immersion ai+1 must be in the valid range (a ∈ [0,1] ), too. For this purpose, the following equation has to be 

satisfied: 

 
0 < a0 + 

f
SLE

(ai)

D
 < 1. (6) 

This equation is represented by the slanting lines with slope of 45° in Figure 2.c. These lines represents the valid 

range of the calculation methods, denoted by white region in Figure 2.c. In case of very large tool vibration, the 

resultant SLE can be extremely large, therefore the dimensionless radial immersion value at a certain step of the 

iteration of the CSLE can fall outside from the range of validity and the calculation leads to error. In order to handle 

this, a mathematical approach is applied: the range of the validity of the f
SLE

 function is extended as follows 

 f
SLE

(a > 1) = f
SLE

(1) 

f
SLE

(a < 0) = f
SLE

(0). 
(7) 

vf 

Ω 



This mathematical extension is valid in an engineering point of view, while, if a is bigger than 1, it represents a 

situation, when the tool is completely in the material and if a is smaller than 0, it represents a case, when the tool 

doesn’t touch the surface and there is no machining at all, see the bottom part of Figure 2.c.  

Using this theoretical extension of the SLE function, CSLE can be calculated in the entirely parameter space. 

This mathematically extended region can still lead to physically irrelevant solutions, however, these solutions can 

be filtered out easily. 

With the extended validity range, CSLE is computed by both solution methods (MDBM and numeric iteration) 

for parameters presented in Table 1. As it is shown in Figure 3., the MDBM provides multiple solution of CSLE 

in the parameter range of a ∈ [0.0525, 0.11]. It is also validated by means of numeric iteration, where based on the 

various initial values of the iteration, the series of SLEs converges to different CSLEs values. In the numerical 

simulation of Figure 3., only two stable CSLE solution can be found, however, it is easy to see, that exists a CSLE 

solution at CSLE/D = 0.302, which repels the SLE series. This behaviour shows, that two stable and one unstable 

CSLE coexist, corresponds to saddle-node bifurcation, which represents bistable parameter zone of a [19]. 

 

 

Figure 3. Multiple solutions of CSLE 

a) CSLE calculated by MDBM 

b) Numeric iteration along the black line at a0 = 0.07 

Parameters: Ω = 2250 rad/s; a0 = 0.07 -;w = 4 mm; z = 1 ; fz = 0.1 mm 

Both solution methods have their advantages and drawbacks. For instance, multiple steady state solution – in 

case of saddle-node or (fold) bifurcation – cannot be established and visualized properly via numeric iteration. On 

the other hand, an advantage of the iteration method is spectacular characteristic of periodic solutions and chaotic 

cascade can be detected and visualised, shown later in subsection Chaotic behaviour. With the help of MDBM, 

multiple and unstable solutions of Eq. (4) can also be obtained, but it does not provide information about the 

stability of the resultant CSLE values. However, stability properties can be determined with further computation 

steps, as it presented in the following section. 

 

3.  STABILITY ANALYSIS 

The stability of the system depends on the derivative of the mapping equation. The solution is stable if the 

following equation is satisfied [20]: 

 
-1 < 

∂f
SLE

∂ae

 (CSLE) < 1. (8) 

Derivative in Eq. (8) is produced by means of numeric derivation. Two possible instabilities can be observed 

in discrete mapping. Firs, when the derivative of the mapping equation is greater than 1. This case corresponds to 

the fold type bifurcation leading to bistable region. Second, when the derivative is smaller than -1. This situation 

corresponds to the period doubling or flip bifurcation. Thus, the resultant CSLE values can be coloured according 

its stability (in Figure 3.a, red and green dots represent the unstable and sable solutions, respectively). 

 

Saddle-node (or fold type) bifurcation 

The numerically determined CSLE in a proper region of the technological parameters (a, Ω) has a similar form 

as the well-known traditional cups catastrophe surface (see in Figure 4) [21]. The bifurcation diagram, the local 

stability of the steady states and certain sections of the catastrophe surface are given in Figure 4. Every theoretical 

observations – which are derived for the traditional catastrophe surface – are approximately valid for the CSLE as 

well. As shown in Figure 4.b, at a certain parameters (a = 0.7922, Ω = 4584 rad/s), the dynamical system exhibits 

the classical supercritical pitchfork bifurcation. Light red regions shown  the boundaries of the local stability of 

steady states at the rear and bottom side of Figure 4. The diagram at the bottom side (so-called cusp) features two 

regions: in the light red region at the bottom side there are three steady state solutions and beyond that region there 

is only one steady state solution. 

          ● stable 

          ● unstable 



 
 

a) b) 
Figure 4. CSLE for different technological parameters (a, Ω); a) red area at the bottom side: region of three 

steady-states; Light red area at the rear side: unstable steady-state region; 

Parameters: w = 4; mm; z = 1 ; fz = 0.1 mm; Left: sections along spindle speed Ω; 

b) sections along dimensionless radial immersion a; at section: a = 0.7916 – a classical supercritical 

pitchfork bifurcation is occurred 

 

Period doubling (flip type) bifurcation 

In a non-linear map, if flip-type bifurcation occurs, than it leads to period-2 solution. In our case, this is presented 

as an alternating SLE series in the numerical iteration. This behaviour can be detected by numerical simulation, 

only if this period-2 solution is stable. To discover all the stable and unstable period-2 solutions, two-step-mapping 

of Eq (4) must be considered in the MDBM method. The corresponding root finding problem of the two-step-

mapping can be determined by a straightforward computation: 

 
 CSLE - f

SLE
(a0 +

1

D
 f

SLE
(a0 + 

CSLE

D
))  = 0 (9) 

Note, that the results of Eq (9) will provide the periodic-2 solution together with the period-1 solution. The stability 

of this period-2 solution can be analysed in the same way as represented in Section 3. If a second flip-bifurcation 

is detected on a period-2 branch, then period-4 branch will occur, and the similar procedure have to be applied 

with four-step-mapping. For any further flip bifurcation, these steps have to be repeated. 

The workflow of these process are summarised as the follows: 

1. Single solution, derived based on one-step-mapping is established. 

2. If the derivative of the map is smaller than -1, then flip type instability is occurred. So this single solution 

becomes unstable and creates a period-2 solution, represented by a pair of points in the bifurcation charts. 

3. To obtain this doubled period-2 solution, two-step-mapping of the previous map have to be analysed. 

4. If the derivative of this map is smaller than -1, then another flip bifurcation is occurred. And the iteration 

must be continued at point 3. 

5. If the derivative of this map is not smaller than -1, then no more iteration is required. 

Following this workflow, period-8 solution of CSLE could be found. In this figure, a fold bifurcation is also 

presented, so there can be cases, when flip bifurcation is occurred along one of the stable solution in a bistable 

zone. 

At certain cutting parameters, there is a limit to this process, whereby cycles of period-2n become unstable and 

bifurcate into stable cycles of period-2n+1, creating a infinite many period doubling bifurcation cascade, which 

finally leads to chaos, in which there exist an infinite long of solution. 

 

 
Figure 5. Period doubling bifurcations of the steady-state solution; green dots: stable solution, red dots, 

unstable solution, red area: physically invalid range 

Parameters: Ω = 4551 rad/s; w = 3.5 mm; z = 1 ; fz = 0.1 mm 



Chaotic behaviour 

In [22], the authors proved, that the periodic-n solutions are arranged in series as n = {20, 21, 22, …, 2∞, 31, 32, …, 

3∞,51,…,}. If the period-3 exists, it means that period-2∞ solutions necessarily also exist. Theoretically, the period-

2∞ solution repeats after an infinite long time (it is not a real periodic solutions), in other words, chaotic behaviour 

is occurred. In Figure 6. the bifurcation diagram is presented based on numerical iteration, it is clearly seen, that 

period-3 solution exists at a ∈ [0.485, 0.493] and chaotic parameter windows are also occurred. The iteration of a 

chaotic series of SLEs at a0 = 0.52 is presented in Figure 6.b. 

 

 
 

a) b) 
Figure 6. a) Bifurcation diagram based on numeric iteration; Red area: physically invalid range; Green 

dashed line (a0 = 0.49) denotes period-3 solution; Red dashed line (a0 = 0.52) denotes chaotic solution;  

b) Mapping of SLE series in case of chaotic behaviour; 

 Parameters: Ω = 4551 rad/s; w = 7 mm; z = 1 ; fz = 0.1 mm 

 

4.  CSLE MAP IN THE FUNCTION OF THE TECHNOLOGICAL PARAMETER SPACE 

In this section, the CSLE is calculated in a large spindle speed range. The period doubling type and the saddle-

node type instabilities are marked with red and blue colours, respectively, as shown in Figure 7. It can be seen that 

there are large CSLE if the spindle speed Ω close to a resonant one (see the black dashed vertical lines); in addition, 

period doubling or saddle-node bifurcation can be arisen at these region. Note, that some parameter domains, the 

calculated CSLE are constant along the radial immersion a due to the mathematical extension of f
SLE

 (see in 

subsection Range of validity). 

 

  

 
Figure 7. CSLE in the function of different technological parameters (a, Ω); Flip-type instability regions are 

indicated with red colour; Fold-type instability regions are indicated with blue colour; 

Parameters: w = 7 mm; z = 1 ; fz = 0.1 mm 

The large stationary CSLE values would lead unacceptable shape error, but it can be compensated with a tool 

path offset. In case of bistable parameter range, it hard to predict which CSLE will evolved, thus, the tool path 

offset cannot determined in advance. The same situation occur, if non-stationary CSLE is formed (period-2, period-

4, …, chaotic behaviour). The range of the technological parameters, where these instability problems occurs, 

should be avoid during roughing processes. 
 

Bifurcation boundaries and stability chart 

The boundary of these parameter range are defined by bifurcation points, where the derivative of the map is 1 or -

1. The stability boundaries of the flip and fold bifurcations are presented separately together with the traditional 

stability chart [4] in the plane of the spindle speed Ω and dimensionless radial immersion a Figure 8. In our case, 

we applied the semi-discretization method to determine the stability chart [5]. Figure 8. shows that in the 
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favourable parameter domain between the stability lobes – the stability pockets – the stability problem of CSLE 

can be evolved.  

The flip and fold bifurcations are correspond to series of the SLEs in roughing process, which based on the 

forced vibration only. This solution is linearly proportional to the axial immersion and the feed rate. Due to the 

fact that the traditional stability chart is independent to the feed rate, we can improve the domain of the CSLE-

stable region, by decreasing the feed rate only. 

 

Figure 8. Stability charts, flip and fold bifurcations 

Parameters: w = 1.5 mm; z = 1 ; fz = 0.4 mm 
 

5. CONCLUDING REMARKS 

In the present study, we show a new type of stability problem, which can occur during roughing process. This 

CSLE-stability problem leads to an unpredictable final Surface Location Error, which can affect the finishing 

operation substantially. With the proposed methods, the traditional stability chart can be improved, from which 

chatter-free and CSLE stable technological parameters can selected. 

In the future work, we will perform measurements to validate the theoretical results. 
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