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ABSTRACT
The stability properties of cutting processes are strongly

limited by the so-called regenerative effect. This effect is
originated in the presence of a time-delay in the dynamical
system of the machine tool. This delay is inversely
proportional to the cutting speed. Consequently, conventional
cutting with a single-edge tool is modeled by an autonomous
delay-differential equation (DDE). In case of milling, the
varying number of cutting edges results in a kind of parametric
excitation, and the corresponding mathematical model is a
non-autonomous DDE. In case of low-immersion milling, this
affects the stability boundaries in a substantial way. Cutting
with varying spindle speed results non-autonomous DDEs
where the time delay itself depends on the time periodically. A
new semi-discretization method is proposed to handle the
stability of these non-autonomous systems. The stability
properties and corresponding bifurcations are compared in the
above different cases of machining.

INTRODUCTION
The so-called regenerative effect often results self-excited

vibrations on machine tools. The tool cuts a wavy surface
formed in the previous cut. This surface was formed by the tool
edge during the previous round of the workpiece. Since the
actual cutting force acting on the machine tool depends on the
actual chip thickness, the variation of the cutting force depends
on the difference of the present and the past positions of the
tool. The past position of the tool means the position x at

τ−t , where t is the actual time, and τ is the time of one

revolution of the workpiece. This explains why the time delay
τ  is inversely proportional to the cutting speed.

It is a rule of thumb that delay tends to destabilize any
dynamical system. The so-called stability charts represent
those domains in the parameter plane where stable stationary
cutting exists. Traditionally, those parameters are represented
in these charts, which can be influenced via the chosen
technology, i.e. via the choice of the spindle speed, depth of cut
and feed rate, or in another coordinate system, via the cutting
speed, chip width and chip thickness. The conventional
stability charts for turning show a complicated structure. The
so-called lobes in these stability charts are well known since
the early sixties (see Tlusty et al., 1962, Tobias, 1965). The
charts can be calculated by analytical methods based on the
analysis of the transcendental characteristic functions of the
corresponding autonomous DDEs (see, for example, Stépán,
1989,1998).

In case of milling, the time delay is shorter, it is equal to
the tooth pass period, that is to the time of one tool revolution
divided by the number z of the teeth on the milling tool. The
major change in the mechanical model is, however, that time-
dependent periodic parameters appear in the system. This
parametric excitation is due to the time varying number of the
active teeth of the milling tool, and/or to the periodic change of
the cutting force components of each tooth in the directions of
the vibration modes of the machine tool.

This parametric excitation does not cause major changes
in the stability charts in case of low spindle speeds and active
teeth number greater than 3. This means that the time
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averaging methods leading to approximate autonomous DDEs
serve equally satisfactory results as the numerical simulation,
experiments, or other techniques (see, e.g., Tobias, 1965,
Minis and Yanushevsky, 1993). For high-speed milling, and/or
low immersion milling, new stability and bifurcation
phenomena occur, which cannot be identified by the
conventional analytical methods. Numerical simulation of
Balachandran and Zhao (2000), special approximate analytical
methods of Budak and Altintas (1995), Davies et al. (2000),
Corpus and Endres (2000), Seagalman and Butcher (2000)
lead to the realization of these new stability properties. The
method of Insperger and Stépán (2000) based on a
transformation proposed by Fargue (1973) also explored the
connection of the conventional stability charts of turning and
the new ones of milling.

The periodically varying cutting speed results parametric
excitation in the time delay. Some experts (like Sexton and
Stone, 1978) predicted improvements in stability properties by
a factor of 10 for properly chosen parameter values. The great
expectations were partly based on the famous problem of
stabilizing inverted pendulums by parametric excitation (see,
for example, Insperger and Horváth, 2000). In spite of some
reports on successful experiments, the stability investigations
of cutting with time varying spindle speeds were not reliable
enough to present a breakthrough in this field. With the help of
a new method described in this paper, the similarities and
differences in the stability properties of low immersion milling
and time varying cutting are explored. The stability charts of
turning, milling and time varying cutting are derived with a
unified approach, and the existing methods and models are
also compared in the subsequent sections.

BASIC MODEL FOR TURNING
Figure 1 shows the simplest one degree of freedom

mechanical model of turning in case of orthogonal cutting.
The corresponding equation of motion of the turning process
reads

( ))()()()(2)( 12 txtx
m
k

txtxtx nn −−=++ τωζ ω &&& , (1)

where ζ  is the relative damping factor, nω  is the (lowest)
natural angular frequency of the machine tool, m is the modal
mass and Ωπτ 2=  is the time delay, where Ω  is the spindle
speed of the tool expressed as angular velocity with unit [1/s].
The linearized cutting force variation is expressed by means of
the cutting force coefficient 1k , which is the derivative of the
cutting force with respect to the chip thickness at its desired
stationary value. Introduce the dimensionless time tt nω=~ ,
and by abuse of notation, drop the tilde immediately. Then the
equation of motion assumes the form

Fig. 1.  Regenerative mechanical model of cutting
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In the following, the stability charts will be shown in the
plane of the dimensionless cutting force coefficient

)( 2
1 nmk ω  and the dimensionless spindle speed nωΩ . The

dimensionless cutting coefficient is the ratio of the cutting
coefficient and the modal stiffness, and it is linearly
proportional to the chip width, while the dimensionless spindle
speed is linearly proportional to the cutting speed.

MODELS OF TIME VARYING CUTTING
As explained in the Introduction, both the milling process

and the turning with varying spindle speed are non-stationary
cutting processes. The corresponding mathematical models are
similar in the sense that the equations of motion are non-
autonomous, time-periodic DDEs.

The dimensionless equation of motion of milling reads
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where )(1 tk p  is )/(2 Ωπτ z=  periodic according to the tooth
pass excitation effect with z standing for the number of teeth.
In this case, the coefficients of the actual and delayed state
variables are periodic, and this periodicity is just equal to the
time delay. This time-periodicity of the cutting coefficient is
often ‘almost’ piece-wise constant due to the sudden changes
of the actual number of active teeth (see Fig. 2).

The equation of turning with varying spindle speed reads
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Fig. 2.  Mechanical model of the milling process

where the time delay itself varies periodically with period T,
and in general, 0τ≠T , since the time period in the change of
the cutting speed is usually larger than the average time delay

∫=
T

Ttt
00 /d)(ττ . The coefficients are constant values, but in

the sense of the theory of functional differential equations, this
equation is also non-autonomous (Hale and Lunel, 1993).

One possible approach to this problem is to transform this
equation to a DDE with periodic coefficients using a kind of
power series of the delayed term. Consider the time delay in
the form )()( 10 tpt τττ −=  with a sufficiently small delay
variation amplitude 1τ , and p(t)=p(t+T) is periodic. Then the
first order Taylor series approximation with respect to 1τ
assumes the form

)()()())(( 10010 tptxtxtptx τττττ −+−≈+− & . (5)

The substitution of this approximation into (4) results a
DDE with a constant time delay 0τ  only:
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while the first derivative of the delayed term also appears with
a time-periodic coefficient.

The infinite dimensional version of the Floquet Theory
developed for functional differential equations (see Farkas,
1994) provides the theoretical basis for the stability analysis of
these equations. The linear systems are asymptotically stable in
Lyapunov sense if and only if the characteristic multipliers µ of
the so-called monodromy operator are located in the open unit
disc of the complex plane. The nature of the bifurcation at the

boundary of stability is relevant in practice, since it determines
the frequencies of the arising vibrations. Three types of
bifurcations are possible when a relevant characteristic
multiplier 11 =µ  just crosses the unit disc:

1. 21 µµ = , this is topologically equivalent to the Hopf
bifurcation of autonomous systems, often called secondary
Hopf bifurcation.

2. 11 =µ , this is topologically equivalent to the saddle-
node bifurcation of autonomous systems.

3. 11 −=µ , this type of bifurcation is called flip or period
doubling bifurcation. There is no topologically equivalent type
of bifurcation for autonomous systems.

It can be shown that only the Hopf bifurcation may occur
in the special autonomous case of Eq. (2). For milling, period
doubling is also possible (see Corpus and Endres, 2000),
however, 11 =µ  cannot occur in the case of the corresponding
Eq. (3). Substitution of )()()( 1 txtxtx n ==+ µτω  yields zero
in the right hand side, and the remaining left hand side is
always stable because of the positive damping and stiffness. In
the case of turning with time varying cutting speed, Eq. (4)
and (6) may present all the three types of bifurcations.

In the following, we will determine the stability charts of
Eq. (3), (6) and (4).

SEMI-DISCRETIZATION FOR DDE MODELS WITH
TIME PERIODIC COEFFICIENTS

By semi-discretization we mean the partial discretization
of the DDE at the time delay only. The basic idea of this
method is presented in this section. Consider the second order
T-periodic DDE:

)()()()()()()()()( 010100 ττ −+−=++ txtctxtbtxtctxtbtx &&&& , (7)

that is a generalization of the mathematical models (3) and (6)
with constant time delays.

Divide the time period T into k intervals of length
)2/1(0 +=∆ nt τ , where the integer n is called as

approximation number. If the principal period T is not a
multiple of the interval length t∆ , then an approximate
principal period should be applied: tkT ∆=~ . By decreasing

t∆ , that is, by increasing the approximation number n, the
error decreases.

In the time interval ],[ 1+∈ ii ttt , 1,,1,0 −= ki K  with
length ttt ii ∆=−+ 1 , Eq. (7) can be approximated with the
following, second order, autonomous ordinary differential
equation

niii ftxctxb(t)x −=++ )()( 00 &&& , (8)

where the constant excitation on the right side is



4 Copyright © 2001 by ASME

t0 T

τ0 τ0

0 T t

∆ t

Fig. 3.  Discretized time delay

)()( 010111 ττ −+−≈+= −−− txctxbxcxbf iiniiniini && , (9)

and the coefficients ib0 , ic0 , ib1  and ic1  are the constant
approximations (say, average values) of the time dependent
coefficients )(0 tb , )(0 tc , )(1 tb  and )(1 tc  in the ith interval,
respectively. This discretization corresponds to a piecewise
linear approximation of the constant time delay, as shown in
Fig. 3.

Eq. (8) can be solved in closed form for each time interval
[ it , 1+it ]. With this solution, the system state can be calculated
at the time 1+it  as a function of the state variables at the time

it  which serve as initial conditions for (8). As explained in
details by Insperger and Stépán (2001), the connection of these
states is given by the discrete map

iii yAy =+ 1 , (10)

where

)col( niiiii ffxx −= L&y , (11)
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The transition matrix Φ  makes connection between the
states of the system at time 0t  and Tttk += 0 , which is,
actually, a kind of finite dimensional approximation of the
monodromy operator.

The principal period is – exactly or approximately – a k-
multiple of the interval length t∆ . Thus, the transition matrix
can be given by coupling the solutions for each interval. This
results

Φ 0121 AAAA K−−= kk . (21)

The criterion of asymptotic stability is that all eigenvalues
µ of the transition matrix Φ  are in modulus less than one.

Equations (3) and (6) can be analyzed according to the
presented method, since they are special cases of Eq. (7).
However, the analysis of Eq. (4) requires further extension of
the semi-discretization method for time-periodic delays.

SEMI-DISCRETIZATION FOR DDE MODELS WITH
TIME-VARYING DELAY

If the time delay varies as shown by Eq. (4), the
discretization method should be modified. Suppose the simple
case, when the variation is piecewise constant
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In this case, the same discretization method can be used,
with different approximation parameters for the different time
delay values. For 2/0 Tt ≤< , the approximation parameter is
n, while for TtT ≤<2/ , it is m (see Fig. 4). This requires the
following conditions to be satisfied:

tn ∆ττ )2/1(10 +=+ ,   tm ∆ττ )2/1(10 +=− , (23)
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Fig. 4.  Discretization of varying time delay

where mn > , of course.. For )2/,0[ Tt ∈ , the same discrete
map is to be used as Eq. (12). For the case ),2/[ TTt ∈ , the
discrete map has a form similar to Eq. (12), but the elements

3iA  and 6iA  are moved form positions (1, n +2) and (2, n +2)

to the positions (1, m +2) and (2, m +2), respectively. Then, the
transition matrix Φ  can be determined according to Eq. (21).

STABILITY CHARTS
Stability charts can be created through point by point

investigation of the parameter plane nz ωΩ  – )( 2
1 nmk ω ,

where z is the number of tool teeth, which is 1 for turning. The
boundary curves are given by refining the resolution at the
stability boundaries.

In case of Eq. (3), the time varying effect was considered
with the following piece-wise constant function
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where F is a factor characterizing the tooth engagement
number. The pairs F – 1 are given above the stability charts in
Fig. 5. For example, 2/3 – 1 corresponds to the case, when the
number of active teeth alternates between 2 and 3. The case of
-1 – 1 may look unrealistic, but we still presented it since this
could be viewed as a kind of prediction for the case when the
so-called backward milling is also involved (see similar effects
described in Bayly et al., 1999).

The stability charts for varying spindle speed are
presented in Fig. 6 and Fig. 7. The charts in Fig. 6 are
constructed for the power series approximation (see Eq. (6)) of
the varying time delay, while the charts in Fig. 7 are calculated
for the exact model Eq. (4). The charts are categorized with
the help of the time periodicity / average time delay ratio
( 0/τT ), and the delay variation amplitude / average time
delay ratio ( 01 /ττ ), according to Eq. (22). All stability charts
were computed for the approximation parameter 20=n .

Figure 7 shows the same stability charts for the same
categories as Fig. 6, but the stability domains are calculated by
means of the semi-discretization method applied for the exact
equation of motion Eq. (4) directly. The comparison of the two
series of charts in Fig. 6 and 7 makes it possible to check the
validity of the power series approximation for the varying
delay as shown by Eq. (6).

Fig. 5. Stability charts for milling process governed by Eq. (3)
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Fig. 6. Stability charts for turning process with varying spindle speed governed by the approximating Eq. (6)

In all the charts, the black stability boundary curves refer
to Hopf bifurcations, that is, self-excited vibrations arise at the
loss of linear stability. The spectrum of these vibrations contain
two frequencies: one is the frequency T/2π  of the parametric
excitation, while the other is related to the angle of the
characteristic root crossing the unit circle. The blue stability
boundary curves refer to flip, or period doubling bifurcations,
that is, the occurring self-excited vibrations have time period
2T at the stability limit.

In Fig. 6 and 7, red boundary curves also show up. These
refer to bifurcations topologically equivalent to the saddle-node
bifurcations of autonomous systems. These new kinds of
vibrations have never been identified in machine tool

vibrations. It is likely, that two independent T-periodic
motions will arise at these stability limits, but their existence,
stability analysis, etc., should be the goal of further
investigation in this direction. Experimental identification will
also be difficult due to the narrow parameter range where these
bifurcations arise.

The existence of these new kinds of vibrations with
varying spindle speed is not surprising since in the section on
“Models of time varying cutting”, the possible existence of all
the three kinds of bifurcations were shown analytically.

Note that the Hopf bifurcation stability limits are often
fragmented by small boundaries of period doubling and/or
saddle-node bifurcations (see enlarged parts of Fig. 6 and 7).
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Fig. 7. Stability charts for turning process with varying spindle speed exactly described by Eq. (4)

CONCLUSIONS
The analytical, numerical and experimental stability

analysis of cutting processes in case of high-speed and/or low
immersion milling have presented new kinds of instability
lobes related to period doubling bifurcations in the dynamics of
machine tools. In the present pilot study, these new
observations of the specialist literature were compared to the
dynamics of cutting with varying cutting speed.

When the time periodicity in the cutting speed is equal to
the time delay in the system, similar instability lobes show up
in the stability charts at high values of average cutting speeds
as in case of the milling process. This phenomenon was
suspected form the slight similarities of the corresponding

mathematical models. In spite of the fact, that in the model of
milling a coefficient is time-periodic, and in the model of time-
varying cutting the time delay itself is time-periodic, a Taylor
series approximation with respect to the delay variation
amplitude in the second case explores similarity between the
two models.

This type of approximation, however, can be used
cautiously, since the higher order expansion of the delay
variation term would result higher derivatives of delayed terms
in Eq. (5). The DDE, where the highest derivative is delayed,
is called advanced differential equation, and, since the present
value of the variable depends on the future state, it is always
unstable. This contradiction can be explained if the weakness
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of the Taylor expansion is understood: it does not converge
uniformly to the weight function of past states above the time
in the past back to minus infinity. This also explains the
relatively great quantitative differences between the exact and
approximate stability charts of Fig. 6 and 7.

When the time periodicity is greater than the time delay
(which is the realistic case in practice), the stability charts
show even more complex, almost fractal-like structures. Apart
of the period doubling bifurcations, saddle-node bifurcations of
periodic orbits also occur. In the meantime, great
improvements in stability properties can be expected at certain
narrow parameter domains. The further study of the practical
importance of these domains is an important further goal of
this research work.

A new method was developed and applied to investigate
the stability of the corresponding mathematical models, the
time-periodic DDEs. The basic idea of the semi-discretization
method is to use a finite dimensional approximation with
respect to the past effect only, and investigate the stability of a
high dimensional ODE instead of the infinite dimensional
DDE. A 20 dimensional approximation is already good enough
to identify 4-5 lobes quantitatively correctly in the stability
charts.
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